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Cacem hoc sinh yéu quy!

Sach BAI TAP TOAN 10 (Két ndi tri thirc véi cudc séng) gém hai tap, la tai liéu
bé trg cho sach gido khoa TOAN 10 bd Két ndi tri thic voi cudc sdng va dugc
viét bdi cing mot doi nga tac gia.

BAI TAP TOAN 10 dugc bién soan theo ding cau tric chuang, bai nhu trong
sach gido khoa nham cung cap cho cac em mot hé thong bai tap phong phu,
bé trg cho sach gido khoa. Méi bai hoc déu c6 phan tém tat cac kién thic can
nhd, cac ki nang giai toan can thiét théng qua nhiing vi du minh hoa tiéu biéu
va phan dé bai tdp gém nhiing bai tap duoc chon loc can than, theo ding yéu
cau ctia Chuong trinh. Cudi moi chuong cé cac bai téap trac nghiém va bai tap tu
ludn toéng hgp, nham 6n tap va hé thong hoa kién thiic, ki ndng cla ca chuong.
Cu6i sach la phan lgi gii, hudng dan, dap s6 cho cac bai tap.

BAI TAP TOAN 10 bam sat cac yéu cau can dat ctia Chuong trinh méi mén
Toan, déng th&i bo sung lam da dang thém cac loai bai tap thich hop véi moi
noi dung trong sach gido khoa, dac biét la nhing bai tap dinh huéng uUng
dung, trong thuc tién hoac trong cac mén hoc lién quan, nham phat trién nang
luc mé hinh hoé toan hoc va nang luc gidi quyét van dé toan hoc. BAI TAP
TOAN 10 gitp cac em cling ¢8, phat trién va nang cao céc kién thirc, ki ndng da
hoc, cling nhu hinh thanh va phat trién nang luc toan hoc tuong Ung.

Véi cdu tric va dinh hudng nhu vay, BAI TAP TOAN 10 sé la mot tai liéu
khéng thé thiéu cho tat cd cac em hoc sinh st dung sach gido khoa TOAN 10
thudc bd sach Két néi tri thiic véi cudc séng. Chac chan BAI TAP TOAN 10 cling
rat htu ich cho tat ca hoc sinh 16p 10, du hoc theo bat ctt b6 sach gido khoa nao.

Nha xuat ban Gido duc Viét Nam va tap thé tac gid chan thanh cam on giado
vién, hoc sinh, phu huynh hoc sinh da st dung cuén sach nay va mong nhan
dugc nhiing y kién gop y dé sach ngay cang hoan thién hon.

Moi gop y xin gui vé Nha xuat ban Gido duc Viét Nam, 81 Tran Hung Dao,
Hoan Kiém, Ha Noi.
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CHU’O’NG !

MENH DE VA TAP HOP

A - Kién thiic can nhé

.

Ménh dé la mét cau nhan gia tri dung hoac sai, nhwng khéng phai ca hai. Binh |i
la m6t ménh dé dung va thudng co dang P = Q, trong d6 P la ménh dé dung.

Ménh dé “Néu P thi Q" la ménh dé kéo theo, ki hiéu la P > Q.

Trong dinh |i c6 dang P = Q, ta goi P la gia thiét, Q Ia két luan clta dinh Ii.
Khi ménh dé kéo theo dung, thi ngudi ta goi P la diéu kién du dé co Q; Q la
diéu kién can de co P.

Ménh dé Q = P duwgc goi la ménh dé dao clia ménh dé P = Q.

Ménh dé “P néu va chi néu Q" dugc goi 1a mét ménh dé trong duong va Ki hiéu
la P« Q.

Néu ca hai ménh @& P = Q va Q = P déu dung thi ménh dé P < Q la mot
ménh dé aung.

Phat biéu “V x e X, P(x)" la mét ménh dé dang néu vai bat ki x, € X, P(xg)
dung va sai néu co mét x, € X, P(x,) sai.
Phat biéu “3x e X, P(x)"1a mét ménh dé dung néu co it nhat mét x, € X aé

P(x,) dung va sai néu voi x, € X batki, P(x,) sai.

Phl dinh clia ménh dé P 1a mét ménh dé, ki hieula P, dung khi P sai va sai
khi P dung.

Pht dinh cla ménh de “vx e X, P(x)"laménh de“3xe X, P(x)"

Pht dinh cia ménh dé “3x € X, P(x)"la ménh dé “vx e X, P(x)".



B - Vidu
Vi du 1. Trong cac céu sau, cau nao la ménh dé? Cau nao khéng la ménh dé?
Xac dinh tinh dung sai clia cac ménh dé.
a) Hinh vudng ¢o hai duong chéo vudng goc véi nhau.
b) S6ng Hwong chay ngang qua thanh phé Hué.
c) Nam 2022 khéng phai la néam nhuén.

e)3x+2=5,
g)4>6-95.
Giai

Nhiing cau a, b, ¢, g la ménh dé. Cac cau a, b, ¢ la nhitng ménh dé dung, cau g
la ménh dé sai.

)
)
d) HOom nay troi dep qua!
)
)

Cau d la cau cam than, khéng phéi la ménh dé. Cau e khéng xac dinh duoc
tinh duing sai, khong phai la ménh dé (cau e la ménh dé chira bién).

Vidu 2. Cho ménh dé P: “J2 1a sé hitu ti". Hay phat biéu ménh @& pha dinh cla
ménh dé P.
Giai

Ménh dé Q: “y2 khéng phai la s6 hiiu fi” nhan duoc tr ménh dé P bang cach

thém cum tir “*khéng phai” truée vi nglr. Ménh dé Q la ménh dé phu dinh cla
ménh dé P.

Vi v&i méi s6 thue chi xay ra mét trong hai trureng hop: 1a sé hiru ti hoéc la sé
vé ti, khéng c6 trrdng hop khac. Do vay khi viét “4f2 khéng phai 1a sé hiku ti”
sé cung nghta voi “+/2 1a s6 vo ti”. Vi vay ménh dé R: “\f2 la s6 vé ti” cling la
ménh dé phu dinh clia ménh de P.

\VVay ca hai ménh dé Q va R déu la cac ménh dé phl dinh clia ménh dé P.

Vidu 3. Cho hai ménh dé sau:

P. “Tur giac ABCD la hinh thoi” va Q: “Tu giac ABCD c6 hai dudng chéo
vudng géc”.

Hay phat biéu ménh dé P = Q.

Giai
Ménh dé P — Q: “Néu tr giac ABCD la hinh thoi thi tr giac ABCD c¢6 hai
duéng chéo vudng goéc’.



C-Baitap
1.1. Xac dinh tinh dung sai cla cac ménh dé sau:
a) Céc s nguyén 16 déu la sb 1é;
b) Phuong trinh x°+1=0c6hai nghiém nguyén phan biét;
¢) Moi s6 nguyén |é déu khdng chia hét cho 2.
1.2. Phat biéu ménh dé phu dinh clia cac ménh dé sau:
a) 106 |a hop so;
b) Téng sb do ba goc trong mét tam giac bang 180°.
1.3. Cho hai ménh dé sau:
P "Tw giac ABCD la hinh binh hanh”.
Q: “Tk giac ABCD c6 AB /i CDva AB= CD".
Héy phat biéu ménh dé P = Q va ménh dé dao clia ménh dé d6.
1.4. Phat biéu duéi dang "diéu kién can" déi v&i cac ménh dé sau:
a) Hai géc ddi dinh thi béng nhau.
b) S84 tw nhién cb tdng cac chir s clia nd chia hét cho 3 thi chia hét cho 3.

1.5. Xac dinh tinh dung sai cla ménh dé dao clia cac ménh dé sau:

a) Néu sb tr nhién n cé téng cac chit sé bang 6 thi sé tu nhién n chia hét
cho 3.

b)Néu x > y thi x* > y°.

1.6. Phat biéu ménh dé P < Q va xét tinh dung sai clia ching.
a)P."x*+y°=0" Q “x=0vay=0"
b) P 111 ::- D!l!; Q: IIIx ::' O!'I.

1.7. Xac dinh tinh dlng sai cia ménh dé sau va tim ménh dé phu dinh cla neé.

P "Ixe R x* < x%"

1.8. Phat biéu ménh dé pha dinh cla ménh dé: “Moi s6 tw nhién cé chir sb tan
cung bang 0 déu chia hét cho 10"



- BAI 2 »

TAP HQP VA CAC PHEP TOAN TREN TAP HQP

A - Kién thic can nhé

1. Tap hop la mét khai niém co ban cla toan hoc. Chuing ta cé thé cho mét tap
hop bang cach liét ké cac phan tr hoéc chi ra tinh chat dac frung cho cac

phan tir cla tap hop dob.

« Tap hop khéng chira phan tir nao dugc goi la tap réng, Ki hiéu 1a &.

« Tap hop A duoc goi la tap hop con cla tap hop B néu moi phan tr cla tap
hop A déu la phan tlr clia tap hop B. Ki hiéu la A < B.

Téap réng la tap con clia moi tap hop va tap hop A |a tap hop con clia chinh né.

« Hai tap hop A va B duoc goi la hai tap hgp bang nhau néu maéi phan ti cla
A cling |a phan t&r clia B va nguoc lai. Ki hiéu la A = B.

2. Cac tap con thudng dung cia R
« Khoang
(b)={xeR|a<x<b}

(& +0)={xeR|a<x}
(o b)={xeR|x < b}

(—o0; +0) =R
e« Doan

la;b]={xeR|ax<x<bh}

e Nira khoang
lab)={xeR|a<x<b}

(a;b]={xeR|a<x=<b}
la+»)={xeR|a<x}

(- b] = {x e R | x < b}




3. Céac phép toan trén tap hop bao gom: phép hop, phép giao va hiéu cla hai
tap hop.

e Giao cua hai tap hop A va B, ki hiéu la An B, la mét tap hgp chira cac
phan tir thudc ca tap hop A va tap hop B.

AnB={|xe Avaxe B}

» Hop cua hai tap hop A va B, ki hiéu la Au B, la mét tap hop chira cac
phan t& hozc thudc tap hep A hodc thudc tap hop B.

AuB ={|xe Ahoac x € B}.

« Tap hop gdm cac phan tir thuéc A nhung khéng thudc B goi 1a hiéu cla hai
tap hop Ava B. Kihiéula A\ B.

A\B={x|xec Ava x e B}
o Khi B c A thi A\ B goi la phan bu clia B trong A, ki hiéu la C,B.

B-Vidu
Vi du 1. Xac dinh tinh dung sai clia ca&c ménh dé sau:

a)6e Z; b) V2 e Q c) 0,368 ¢ R; d) {3} e N.
Giai

a) 6 Z la ménh dé dung.

b) v2 e Q 1a ménh dé sai.

c) 0,368 € R |a ménh dé dung.

d) {3} € N la ménh dé sai, vi ki hiéu {3} la tap hop chira phan tr 1a 3, day l1a

tap con clia IN, chr khéng phai la mét phan tlr clia IN (cach viétding 1a {3} c N ).
Vi du 2. Cho G |a tap hop cac sé nguyén duong nho hon 10 1a bdi ciia 3 va H 1a
tap hop cac nghiém cua phuong trinh x>—7x+10=0.

a) Hay liét ké cac phan tr clia hai tap hop Gva H.

b) Tim n(H).

c) Biéu dién hai tap hgp G va H béng biéu dd Ven.
Giai

a) Vi G la tap hop cac sé nguyén dwong la bdi cia 3 va nhd hon 10 nén

G = {3; 6; 9}.

Phuong trinh X =7x+10=0co hai nghiémlax=2vax=5.Vay H= {2, 5}.
b) Ttr cau a ta thay tap hop H ¢6 2 phan t&. Vay n(H) = 2.



c) V& biéu do Ven biéu dién hai tap hop Gva H.

Vi duy 3. Cho hai tap hop A, B dugc md ta béi biéu dd Ven nhu sau:

A B

a) Hay chi ra cac phan tlr ctia tap hop A.

b) Tinh MA U B).

c) Hay chi ra cac phan tir thudc tap hgp A ma khoéng thudce tap hop B.
Giai

a)A={1;2; 3 4 5).

b) AuB ={1,2,3:4,5,7,9, 11}. Twddsuyra n(AuB)=8.

c) Cac phan tr thudc tap hop A ma khéng thudc tap hop B la: 3; 4; 5.
Vidu 4. Biéu dién céc tap hop sau trén truc sé.

a)A=[3; 9\ [-2:7); b) B =[-1; +=) N (-4, 9;
c) C=[1; 5] v [4; +wx); d) D =R\ [-1; +o0).
Giai
a)A=[3;9]\[-2; 7)=[7; 9]. HH b i it e
7 9
b) B=[-1; +x}n (4; 8] = [-1; 9]. #Hﬁ{1 W
c) C=[1; 5] U [4; +x0) = [1; +x). HHHHIHH "{I

d) D=R\[-1; +o) = (—o0; —1). _m—}ﬂﬁﬂ#m#ﬁﬂﬁmmmﬁmﬂﬁﬁﬁﬂm
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C - Bai tap
1.9. Dién B vao 6 tréng néu ménh dé dung, dién S vao 6 tréng néu ménh dé sai.
a) P c N . b)NcQ ;¢ @={0} . d){DlcR

1.10. Cho hai tap hop A, B dugc md ta bdi biéu d6 Ven nhu sau:

A
a) Hay chi ra cac phan tlr clia tap hop A, tap hop B.
b) Tinh n(Aw B).
c) Hay chi ra cac phan tir thudc tap hop A ma khéng thudc tap hop B.
d) Hay chi ra cac phan tir thudc tap hep B ma khéong thudc tap hop A.

1.11. Xac dinh cac tap hop sau bang cach néu tinh chat déc trung cho cac phan
tlr cua tap hop.
A={0; 4, 8; 12, 16}, B={-3, 9, =27, 81},
C la duéng thang trung trire clia doan thang AB.

1.12. Trong céac tap hgop sau, tap nao la tap réng?

A={xe N|x<0} B={xeN|2x2—3x—5=U}.

1.13. Trong cac ménh dé sau, ménh dé nao dung? Ménh dé nao sai? Giai thich
két luan dua ra.

a) Tap rong la tap con cla moi téap hop:;
b) Néu X = {a; b} thi a c X;
¢) Néu X = {a; b} thi {a; b} c X.

1.14. Xac dinh céac tap hop sau va biéu dién chuing trén truc so.

a) (4 7)) (-1; 3); b) (=2; 1] N (0} 1);
c) (-2; 6)\ (3; 10} d) (-3: 5]\ [2; 8).

1.15. Trong mot cude phong van 56 ngudi vé nhitng viec ho thudng lam vao
ngay nghi cudi tuan, cé 24 ngudi thich tap thé thao, 15 nguoi thich di cau ca
va 20 ngudi khéng thich ca hai hoat doéng trén.

a) Co bao nhiéu ngu i thich choi thé thao hoac thich cau ca?
b) C6 bao nhiéu ngudi thich ca cau ca va choi thé thao?
¢) C6 bao nhiéu ngudi chi thich cau ca, khéng thich choi thé thao?

11



BAI TAP CUOI CHUONG I

A - Trac nghiém
1.16. Trong cac cau sau, cau nao la ménh dé?
A. B+ X = 4x2.
B.a<?2
C. 123 la s6 nguyén t6 phai khéng?
D. Bac Giang la finh thudc mién Nam Viét Nam.

1.17. Trong cac ménh dé sau, ménh dé nao dung?

A & = {O}. B. 2 {0}, C.{0c@. D.0c .
1.18. Phli dinh clia ménh dé “5 + 8 = 13" laménh dé

A 5+8<13 B.5+8>13.

C.5+8> 13, D.5+8%13.

1.19. Ménh dé nao sau day dung?
A. Néu a la sb tw nhién thi a la sé hiru fi khéng am.
B. Néu ala sé hiiu ti khéng am thi ala s tw nhién.
C. Néu ala sb hiru ti dwong thi ala sé ty nhién.
D. Néu a khéng la sb tw nhién thi a khéng phai la s hitu ti khdng am.

1.20. Cho x |a mét phan t&r cla tap hop X. Xét cac ménh dé sau:

) xe X (1) {3 e X () x < X (V) fx} < X.
Trong cac ménh dé trén, ménh dé nao dung?
A (1) va (II). B. (1) va (Il C. (1) va (V). D. (I1) va (IV).

1.21. Cho ba tap hop sau:
E={xeR|f(x)=0};, F={xeR|g(x)=0}; H={xe R |f(x)-g(x)=0}.
Trong cac ménh dé sau, ménh dé nao dung?
A H=EnF. B H'=E iir Lt =EXE DL H = F AE.

1.22. Cho haitap hop X={ne N |nlabdicua 2va 3}, Y={ne N | nlabdi cua 6}.
Trong cac ménh dé sau, ménh dé nao sai?
AYcX B. XY
C.dmne Xvaney. B X =78

12



1.23. Trong cac tap hop sau, tap hgp nao la tap rong?
A M={xe N|x*-16=0}. B.N={xeR|x*+2x+5=0].

C.P={xeR|x*-15=0}. D.Q={xe Q|x?+3x-4=0}

1.24. Lép 10A ¢6 10 hoc sinh gidi mén Toan, 15 hoc sinh gidi mén Vat li, 8 hoc sinh
gidi cd mén Toan va Vat li. S hoc sinh gidi it nhat mét mén (Toan hodc Vat li)
cua |ép 10A la

A.17. B. 25. C. 18. D. 23.

1.25. Cho hai tap hop M ={xe Z | x> -3x-4=0} va N = {a,-1. Voi gia tri
nao cua a thi M= N?

A. a=2 B.a=4. C.a=3. D. a = -1 hoac a = 4.
1.26. Trong cac ménh dé sau, ménh dé nao sai?
A. N c [0;+w). B. {-Z 3} c[-Z 3].
C.[337]1={3: 45 6; 7). D. 2 cqQ.
1.27. Cho hai tap hop A = {(—e; =1] va B = (-2; 4]. Tim ménh dé sai.
A AnB=(-2-1). B. A\ B =(—x;-2).
C. AUB =(—x; 4]. D. B\A=(-t4]

1.28. Trong cac ménh dé sau, ménh dé nao sai?

Tam giac ABC la tam giac déu < Tam giac ABC can.

Tam giac ABC la tam giac déu < Tam giac ABC co6 ba goc bang 60°.
Tam giac ABC la tam giac deu < Tam giac ABC cd ba canh bang nhau.
Tam giac ABC la tam giac déu < Tam giac ABC cén va cé mét goc 60° .

> 8 vow>» B U0 wP

Ménh dé pha dinh clia ménh dé: “So 12 chia hétcho 4 va 3" |a
S6 12 chia hét cho 4 ho#c chia hét cho 3.

86 12 khéng chia hét cho 4 va khéng chia hét cho 3.

S6 12 khéng chia hét cho 4 hoac khéng chia hét cho 3.

Sé 12 khéng chia hét cho 4 va chia hét cho 3.

Ménh dé& “3x e R, x% = 15" dwoc phat biéu la

—

. Binh phuong clia méi sé thuwe bang 15.
B. C6 it nhat maét s6 thure ma binh phuwong clia né bang 15.

13



C. Chi cé m6t sé thure ma binh phuong ctia né bang 15.
D. Néu x la mét sb thue thi x2 = 15.
1.31. Trong cac ménh dé sau, ménh dé nao dung?
A. V&i moi s6 thuc x, néu x < -2 thi x* > 4.
B. V&i moi s6 thie x, néu x? < 4 thi x < -2,
C. V&i moi sé thue x, néu x < -2 thi x° < 4.
D. V&i moi sé thuc x, néu x° > 4 thi x > -2.
1.32. Ménh dé pht dinh clla ménh dé “x* + 3x + 1 > 0, véi moi x ¢ R" 12
. Tén tai xe R sao cho x% +3x+1> 0.
. Ton tai xe R saocho x* +3x +1<0.

A
B
C.Téntai x e Rsaocho x% +3x +1=0.
D

.Tdntai x e Rsaocho x* +3x +1<0.

B-Tuluan
1.33. Xét tinh dung sai clia cac ménh dé sau:
a) Moi s6 tw nhién c6 tan cling bdng 0 déu chia hét cho 10;
b) Binh phwong cla moi so thye déu Ién hon O;
c) Tap réng la tap con clia mai tap hop.
1.34. Cho hai tap hgp sau:
A={xeN|-4<x<s-1; B={xeZ|-1<x <3}
Xét tinh dung sai ctia cac ménh dé sau:
a) Tap hop Ala tap réng:
b) Tap hop Blatap concua K.

1.35. Dién D vao 6 tréng néu ménh dé dung, dién S vao 6 tréng néu ménh dé sai.

a) 3,274e Q . b)NcQ . c)2eR : d)%ez

1.36. Hay viét cac tap hop sau bang céach liét ké cac phan tir ctia tap hop.
A= {xe Q|(2x + 1)(x* + x = 1X2x% = 3x + 1) = 0};

B={xe N|x*>2vax<4l.

14



1.37. Cho hai tap hgp sau:
A={xeR|X|<4)};B={xe R|-3<x<8}

a) Viét hai tap hop trén dudi dang khoang, doan.
b) Xac dinh cac tap hop sau: A~ B; A\B; B\ A.

1.38. Cho hai tép hop A = [a; 5] va B = [-2; 3], v6i a < 5. S6 a can thoa man diéu
Kiegngidé Am B =07

1.39. Cho cac tap hop sau:
A = {x | x 1a s6 hguyén td va 20 < x < 30};
B={x|xlabhdicua 18 va 20 < x < 30}:
C |a tap hep cac nghiém nguyén dwong clia phuwong trinh x* — 52x% + 667x = 0.
Hay dién D vao 6 tréng néu ménh dé duing, dién S vao 6 tréng néu ménh dé sai.
a)25¢ A [ | yAcB [ | c)A=C

1.40. Lép 10A ¢6 40 hoe sinh, trong @6 ¢é 20 hoc sinh thich mén Nglr van, 18 hoc
sinh thich mén Toan, 4 hoc sinh thich ca hai mén Ng vdn va Toan. Hoi cé
bao nhiéu hac sinh khéng thich mén nao trong hai mén Nglr van va Toan?

1.41. Théng ké tai mét trung tdm mua sdm gbm 46 cira hang, voi 26 clra hang
c6 ban quan &o, 16 clra hang co6 ban giay va 34 ctlra hang ban it nhat mét trong
hai mat hang nay. Hoi:

a) Cé bao nhiéu clra hang ban ca quan 4o va giay?
b) C6 bao nhiéu clra hang chi ban mét trong hai loai quan do hodc giay?
¢) C6 bao nhiéu clra hang khdng ban ca hai loai hang hoé trén?
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CHUONG II

BAT PHUONG TRINH VA
HE BAT PHUONG TRINH BAC NHAT HAI AN

«s BAI3 _
BAT PHUONG TRINH BAC NHAT HAI AN

A - Kién thiuc can nhé
1. Bat phwong trinh bac nhat hai an x, y ¢6 dang téng quat |a:
ax+by<c (ax+by=c, ax+by <c ax +by > c),

trong d6 a, b, ¢ la nhi*ng s6 thure da cho, a va b khéng dong thei bang 0, x va
yla cac an so.

2. Biéu dién mién nghiém cua bat phwong trinh bac nhat hai an ax + by <c
nhu sau:

e V& duong thang d ax + by = ¢ trén mat phang toa dé Oxy.

e Lay motdidm M, (xo¥,) khong thuoc d.

e Tinh axy, + by, va so sanh voi c.

e Néu ax, + byy < ¢ thi nlra mat phang bo d chita M, la mién nghiém clia
bat phuong trinh. Ngwoc lai néu axg + by, > ¢ thi nlra mat phéng bé d
khéng chira M, |a mién nghiém cua bat phuong trinh.

Chuy. Trong quy téc trén, khi ¢ # 0 ngudi ta thudng chon M, la géc toa dd. Khi
¢ = 0, tachon M, khac gbc toa d6 (chang han d@iém (1; 0) hoac (0; 1)).

B -Vidu
Vi du 1. Cho bat phuong trinh bac nhat hai an x + 2y < 3.
a) Biéu dién mién nghiém cua bat phwrong trinh d& cho trén mat phang toa dé.

b) T d6 xac dinh mién nghiém cla bat phuwong trinh x + 2y < 3 va mién nghiém
clia bat phuong trinh x + 2y > 3.
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Giai (H.2.1).
a) Ta biéu dién mién nghiém cua bat phuwong trinh @a cho nhu sau:
Buée 1. Vé dudng thang d x + 2y = 3 trén mét phang toa dé Oxy.
Bude 2. Trong béat phuong trinh nay, ta thay ¢ = 3 # 0. Ta chon O(0; 0) la diém
khéng thudc d va thay vao biéu thirc x + 2y, tacé: 0+2-0=0< 3.
Do d6, mién nghiém cla bat phuong trinh d& cho 1a nira méat phang bo d
chtra goc toa dd (mién khong bi gach).

Hinh 2.1

b) Mién nghiém cua bat phuwong trinh x + 2y < 3 chinh la nira mét phang bé d
chtra goc toa d6 khong ke duwong thang d.
Twong tw, mién nghiém cla bat phuong trinh x + 2y > 3 1a nlra mat phang bo
d khoéng chira goc toa d6 ma bo di duong thang d.

Vi du 2. Anh An la nhan vién ban hang tai siéu thi dién may. Anh An kiém duoc
mét khoan hoa hdng 600 nghin dong cho méi may giat va 1,3 triéu ddong cho méi
tl lanh ma anh 4y ban duoc. Héi @& nhan dugc tir 10 triéu ddng trd 1én tién hoa
hong thi anh An can ban bao nhiéu may giat va tu lanh?

Giai (H.2.2).

Goi x va y lan luot 1a sé may giat va sé i lanh anh An ban duoc. Khi d6 sé tién

hoa hong ma anh An nhan dugc la 0,6x + 1,3y (friéu dong). Theo dé bai, ta co:
0,6x +13y = 10.

Tiép theo ta xac dinh mién nghiém cla bat phwong trinh 0,6x + 1,3y = 10 nhu sau:

Bude 1. Vé dudng thang d: 0,6x + 1,3y = 10 trén mat phang toa dé Oxy.

Bude 2. Lay diém O(0; 0) khdng thudc d va thay vao biéu thirc 0.6x + 1,3y ta duoc:
06-0+13-0=0<10.
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Do d6, mién nghiém cua bat phwong trinh la nira mat phang b& d khéng chira
goc toa dé (mién khéng bi gach).

Hinh 2.2

Vay néu anh An ban duoc sé may giatla x (xe N)vasdétllanh la y (y e N) sao

cho diém (x; y) nam trong ntra mat phang b& d khéng chira goc toa do thi anh An

nhan dwoc tr 10 triéu @éng trd 1én tién hoa hong.

C - Baitap

2.1. Cho bét phuong trinh bac nhét hai an —3x + y < 4.

a) Biéu dién mién nghiém clia bat phuong trinh @& cho trén mat phang toa d6.

b) Tl @6 suy ra mién nghiém cta bat phuwong trinh =3x + ¥ < 4 va mién nghiém
clia bat phuong trinh =3x + y = 4.

2.2. Cho bét phuwong trinh 2x + 3y + 3 < 5x + 2y + 3.
Bang cach chuyén vé, hay dua bat phuong trinh trén vé dang tong quat clia
bat phuong trinh bac nhat hai an. Bieu dién mién nghiém cua bat phuong béac
nhat hai an do trén mat phang toa do.

2.3. Xac dinh mét bat phuong trinh béc nhat hai an nhan nira mat phang b 1a
dudng thang d (mién khéng bi gach) lam mién nghiém (H.2.3).

ty
4. -

Hinh 2.3
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2.4. Cho bat phuong trinh x + 2y > —4.

a) Biéu dién mién nghiém clia bat phuong trinh da cho trén mat phang toa dé.

b) Mién nghiém cé chira bao nhiéu diém (x; ¥) véi x, yla cac sb nguyén am?

2.5. M6t clra hang ban |é ban hai loai hat ca phé. Loai thir nhat gia 140 nghin
dong/kg va loai thir hai gia 180 nghin dong/kg. Clra hang tron x kg loai thu
nhat va y kg loai thir hai sao cho hat ca phé d& trén c6 gia khéng qua
170 nghin dong/kg.

a) Viét bat phuwong trinh bac nhat hai an x, y thoa méan diéu kién de bai.

b) Biéu dién mién nghiém cla bat phuwong trinh tim duoc & cau a trén mat phéng
toa do.

<. BAI4 _ .,
HE BAT PHUONG TRiNH BAC NHAT HAI AN

A - Kién thic can nho

1. Hé bat phwong trinh bac nhat hai an la mét hé gém hai hay nhiéu bat phuong
trinh béc nhat hai an.

2. Mién nghiém cla hé béat phuwong trinh bac nhét hai &n

— Trong mat phang toa @3, tap hop cac diém co toa dd la nghiém clia hé bat
phuong trinh bac nhat hai an la mién nghiém cua hé bat phuong trinh do.
Nhu vay mién nghiém cta hé |a giao cac mién nghiém cla cac bat phuong
trinh trong hé.

— Cach xac dinh mién nghiém clia mét hé bat phuong trinh bac nhéat hai an:
Bude 1. Trén cung mét mat phéng toa dg, ta xac dinh mién nghiém cla mai
bat phuwong trinh bac nhat hai an trong hé va gach bé mién con lai.

Buge 2. Mién con lai khéng bj gach 1a mién nghiém clia hé bat phuong trinh da cho.

3. Ung dung clia hé bat phuong trinh bac nhat hai an

— Gia trj lon nhat (hay nho nhat) cla biéu thirc F(x; y) = ax + by, voi (x; y) 1a toa
d6 cac diém thuéc mién da giac 16i AA,...A, , dat duoc tai mét trong cac dinh
cla da giac.

— Cach tim gia tri I&n nhat hay nho nhat clia biéu thire F(x; y) = ax + by Véi (X; y)
thoa mén mét hé bat phuong trinh bac nhéat hai an:
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Bude 1. Xac dinh mién nghiém cta hé bat phuong trinh hai an va tim toa do
cac dinh.

Bude 2. Gia tri I6n nhat hay nho nhat (néu co) clia F sé dat dugc tai mot trong
cac dinh tim dwgc ¢ Budc 1. Do do, ta chi can tinh gia trj clia F tai cac dinh
dé xac dinh gia tri I6n nhat hay nho nhat cua F.

Birdc 3. So sanh cac gia tri thu duoc clia F & Budc 2 va két luan gié tri Ion
nhat hay nho nhat cla F.

B-Vidu

Vidu 1. Biéu dién mien nghiém clia hé bat phuong trinh bac nhat hai an sau trén
mat phang toa do:

(X+y<2

Y=-X<2

¥ =1,

Giai (H.2.4).
Pé biéu dién mién nghiém cla hé bat phuwong trinh trén, ta lam nhu sau:

Bude 1. Xac dinh mién nghiém D4 cla bat phuong trinh x + y < 2 va gach bd
phan con lai.

e V& duong thang d: x + y = 2 trén mat phang toa do.

e Toa d6 clua diém O(0; 0) thoa man 0+ 0 =0 < 2 nén mién nghiém D1 clia
bat phuong trinh x + y < 2 1a nira mat phang bd d chira goc toa dd (mién
khong bi gach).

Bude 2. Xac dinh mién nghiém Ds clia bat phuong trinh y — x < 2 va gach bd
phan con lai.

e V& duong thang d' y — x = 2 trén mat phéng toa do.

e Toa do diém O(0; 0) thoa m&n 0 — 0 = 0 < 2. Do d6, mién nghiém D- cla

bat phuong trinh ¥ — x < 2 la nlra mat phang bé d' chira géc toa d6 (mién
khéng bi gach).

Bube 3. Xac dinh mién nghiém Ds cla bat phuong trinh y > —1 va gach bo phén
con lai.

e V& duong thdng d": y = —1 trén mat phang toa dé.
e Toa dé diém O(0; 0) thoa mén 0 > —1. Do d6, mién nghiém Ds cla bat

phuong trinh y > —1 1a nira mét phang bo d" chira goc toa d6 va khong ké
duwong thang d" (mién khéng bj gach).
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Khi @6, mién nghiém ctia hé la mién khong bi gach hay mién tam giac ABC bd di

canh BC.

IrII’II' il |I|'I I'lfill

L ' S N fff.f 7 A i "'"
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Vidu 2. Tim gia tri I6n nhéat va gia tri nho nhét cla biéu thirc

V6i (x; y) thudc mién nghiém cua hé bat phuong trinh

Giai (H.2.5). Burée 1. Xac dinh mién nghiém cla hé bat phuong trinh

Mién nghiém cla hé bat phuong trinh
trén la mién tam giac OAB Vi cac dinh
O(0; 0), A(O; 4), B(4; 0).

Bude 2. Tinh gia tri cua F tai cac dinh
clia tam giac:

F(0;0)=0,F(4;:0)=4, FO, 4) =

Buoc 3. So sanh cac gia fri thu dugc
clia F & Budc 2, ta dugc gia tri nho nhat

Jlus ili
I;J nw

“H’,ﬂ I'F'Ir‘ filful
fﬂf lilin }ﬂjr‘i,ijl
i

F(X;y)=x+2y

(X +y <
x20
y =0
X+y<4
x=20
y 2 0.

0
la 0 va gia tri I6n nhét 12 8. T
Vay gié tri nho nhét can tim cla F Ia | ‘ ‘ /
F(0; 0) = 0 va gia tri I6n nhat can tim & R |
F(0; 4)= 8. Hinh 2.5
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Vi dy 3. Ngudi ta dir dinh dung hai loai nguyén liéu dé chiét xuat it nhat 280 kg
chat A va 18 kg chét B. Véi mét tAn nguyén liéu loai I, ngudi ta co thé chiét xuét
duoc 40 kg chéat A va 1,2 kg chat B. V&i mét tan nguyén liéu loai /I, ngudi ta co
thé chiét xuat dugc 20 kg chat A va 3 kg chat B. Gia méi tan nguyén liéu loai | 1a
4 triéu ddng va loai I 1a 3 triéu dong. Hoi ngudi ta phai diung bao nhiéu tan
nguyén liéu mai loai dé chi phi mua nguyén liéu la it nhat ma van dat dwoc muc
tiéu dé ra? Biét rang co s& cung cap nguyén liéu chi cé thé cung cap t6i da 10 tan
nguyén liéu loai / va 9 tan nguyén liéu loai /.

Gidi. Goi x va y lan luot |a sb tAn nguyeén liéu loai / va loai Il ma ngudi ta can dung.
Khi d6 khéi lugng chat A chiét xuat dugc la 40x + 20y (kg). Khdi lwgng chat B chiét
xuat dwoc la 1,2x + 3y (kg). Tir gia thiét ta c6 hé bét phuong trinh sau:

(40x + 20y > 280 [ 2x+y =14
h 12x+3y =218 o <1.2x+3y218
x<10 x <10
¥y <9 L M58,

Hon niia, s6 tién nguoi ta phai tra dé mua nguyén liéu la F(x; y) = 4x + 3y

(triéu dong). Vay bai toan tré thanh tim gia tri nhé nhat clia F(x; y) voi (x; y) thoa

man hé bat phuong trinh bac nhat hai an ¢ trén.

Bude 1. Xac dinh mién nghiém cla hé bat phuong trinh bac nhat hai an trén.

Mién nghiém Ia mién ti giac ABCD Vi A(5; 4), B(10; 2), C(10; 9), D(2,5: 9) (H.2.6).
A :

’

T “@;\‘ A %\ﬁ\ 7 / . %/,N\\\\%\\\ \ \
N \\'\\ » ’%/ -
T i

j ‘%} ™ f,ﬂ/i/:l/ﬁ/ ﬂ it __ gfff;; -.
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'd 277 bl 7 R B D YRT 1% ae i
! / , V72 /A 5/ 78 “:‘ ‘::;g‘?.‘:; 2 13\ ' _f«.ii!'frﬂ]jl

Watigtig!

. ‘l‘.:f'.;:‘:\r

iy

S

&

|._“:

J ¥

! 1 LA

Hinh 2.6

—
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Budc 2. Tinh gia tri clia F tai cac dinh cla tlr giac ABCD.

Ta co: F(5: 4) = 32, F(10: 2) = 46, F(10: 9) = 67, F(2,5: 9) = 37.

So sanh cac gia fri nay ta thay F(5; 4) 1a nhd nhat. Do d6, gia tri nho nhét clia Ax; y)
VGi (X; y) thoa mén hé bat phuong trinh trén la F(5; 4) = 32.

Vay ngudi ta cdn mua 5 tAn nguyén liéu loai | va 4 tdn nguyén liéu loai I/ dé
chi phi la nho nhat.

C-Baitap

2.6. Biéu dién mién nghiém clia cac hé bat phuong trinh sau trén mat phéng
toa dé:

: (V<3
X = -1 ‘ x>0 4
X <3
a)s y=0 b) « y>0 c)
X 2 -1
X+y<4, h—y*4<a
: iy = —2.
2.7. Tim gi4 tri I6n nhét va gia tri nhé nhéat cha biéu thire F(x; ) = 2x + 3y Véi (X; )
J’x +y<6
thudc mién nghiém clia hé bat phuong trinh ¢ x >0
v = .

2.8. Tim gia trj I6n nhat va gia trj nhd nhat cla biéu thirc F(x; y) = 4x - 3y trén
(X+y 2-4

X+ysb

X-y<95

X-y=-4

mién nghiém ctia hé bét phuong trinh -

2.9. Trong mot cudc thi pha ché, mdi déi choi duge st dung toi da 12 g
huwong liéu, 9 lit nwéc va 315 g duong dé pha ché hai loai nudc A va B.
Pé pha ché 1 lit nuéc A can 45 g dwong, 1 lit nwdc va 0,5 g huwong liéu;
dé pha ché 1 Iit nudc B can 15 g dudng, 1 lit nwdc va 2 g huong liéu. Méi
lit nwdc A nhan dugc 60 diém thwdng, méi lit nwéc B nhan duoc 80 diém
thuwdng. Hoi can pha ché bao nhiéu lit nwdc mdi loai dé déi choi duoc sbé
diém thwdng la Ién nhat?
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BAI TAP CUOI CHUONG II

A - Trac nghiém

2.10. Trong céac bat phuong trinh sau, bat phwong trinh nao la bat phuwong trinh
bac nhat hai an?

A 2x°+3y > 4. B. xy + x < 5.
C.3%x+4%y =6 D, %+ 3% 3.

2.11. Trong cac hé bat phuong trinh sau, hé bat phwong trinh nao la hé bat
phuwrong trinh bac nhéat hai an?

( 2X +3y >4 [ x+y>4
A 1 s 2 B. 2

225 $ 3Pl | Pr s

s [ x-y <3
G4 Y& D. (e 1

X3z v X+Y =X+Xy.

2.12. Piém nao duéi day thuée mién nghiém clia bat phurong trinh 2x + 5y < 10?
A. (5 2). B. (-1, 4).
C.lZ 1) D. (-5; 6).

2.13. Diém nao dudi day khong thuéc mién nghiém cla béat phuong trinh
2x — 3y > 137
A (1, -5). B. (2, -4).
€. (3:-8]. D. (8; 1).

2.14. Cho béat phuwong trinh x + 2y < 3. Khang dinh nao sau day la dung?
A. Mién nghiém clia bat phuong trinh 1a nlra mét phang bd d: x + 2y = 3 chira
goc toa do.

B. Mién nghiém cla bét phuong trinh la ntra mat phang bo o x + 2y = 3
khéng chira géc toa do.

C. Mién nghiém clia bat phwong trinh & nlra mé&t phang bo d: x + 2y = -3
chira géc toa dé.

D. Mién nghiém cla bat phuong trinh 1a nira méat phang bo d: x + 2y = -3
khéng chira géc toa db.
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2.15. Cap sb nao dudi day la nghiém cua hé bat phuong trinh <
A =12 B. (-2 -4).
C. (0; 1). D. (2; -4).

2.16. Diém nao dudi day thudc mién nghiém clia hé bat phuong tri
A (=3 9y, B. (0; 1).
G a1y, O {208,

-

X+y<2
X-2y =247
x>0

(—x+y<2
nh - x-2y=>=17?
y=0

2.17. Mién nghiém cla hé bat phvong trinh nao dudi day l1a mién tam giac ABC

(mién khéng bi gach)?
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[ x =1
2.18. Mién nghiém clia hé bat phuong trinh Jx +y <0 la

| y=20
A. M6t nlra mét phang. B. Mién tam giac.
C. Mién tur giac. D. Mién ngl giac.
Jx+y£1
2.19. Mién nghiém clia hé bat phuwong trinh -3 <y <3 la
-3<x<3
A. Mién luc giac. B. Mién tam giac.
C. Mién twr giac. D. Mién ngl giac.
(x +y <10
2.20. Mién nghiém clia hé bat phuong trinh -3 <y <3 13
3 <Xx<3
A. Mién luc giac. B. Mién tam giac.
C. Mién tar giac. D. Mién ngli giac.
2.21. Gia tri I6n nhat cta biéu thirc A(x; ¥) = 3x + ¥ voi (x; ¥) thuéc mién nghiém
e =y
clia hé bat phuwong trinh {x +y <2 la
- y=20
A. -3 B. 6. . L) 8.
2.22. Gia tri nho nhat clia biéu thirc F(x; y) = —x + 4y vai (x; y) thuéc mién nghiém
By
e e B X X<
cua hé bat phwong trinh + la
y =20
y <3
A -2. B. 3. G, B
2.23. Tong cla gia tri lon nhat va gia tri nhd nhat clia biéu thie F(x; y) = x + 5y
(2<y<2
VoI (x; ¥) thude mién nghiém clia hé bat phuong trinh | x +y <4 |a
| ¥ -%E4
A. =20. B.-4. C. 28. D. 16.
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2.24. M6t hop tac xa chan nudi dw dinh tron hai loai thirc an gia sic X va Y dé
tao thanh thirc &n hén hop cho gia stc. Gia mét bao loai X 1a 250 nghin dong.
gia mét bao loai Y la 200 nghin d@éng. M&i bao loai X chira 2 don vi chét dinh
dwdng A, 2 don vi chat dinh duwdng B va 2 don vi chat dinh dudng C. Méi bao
loai Y chira 1 don vi chat dinh dudng A, 9 don vi chat dinh dudng B va 3 don
vi chéat dinh duwé&ng C. Tim chi phi nhé nhat @& mua hai loai thire &n gia stc X
va Y sao cho hén hop thu dwoc chira ti thiéu 12 don vi chat dinh dudng A,
36 don vi chat dinh dudng B va 24 don vj chat dinh duéng C.

A. 1,95 triéu déng. B. 4,5 triéu d6ng.
C. 1,85 friéu dong. D. 1,7 triéu déng.
B-Tuluan

2.25. Biéu dién mién nghiém cla cac bat phuwong trinh bac nhat hai an sau trén
mat phéng toa do:

a) Xx+yz-4 by 2% —y =5
C) X+2y <0 d) -x+ 2y > 0.

2.26. Biéu dién mién nghiém cla cac hé bat phuong trinh bac nhét hai an sau
trén mat phang toa do:

0<x<10 [Ogyﬁ_ﬂ X320
a): y>0 by <x+y<2 c) {4x -6y <0
 X-y>4 ‘\_yﬂxﬁz 2x -3y z 1.
2.27. Tim gia tr I6n nhéat va gia ti nho nhat cla biéu thirc Ax; y) = 2x + 3y Vai (X; )
[y = -1
A2 e . . y <1
thuéc mien nghiém cua hé bat phuong trinh -
X+y<4
Yy —x <4

2.28. M6t phan xwdng cé hai méay chuyén dung M, va M, dé san xuat hai loal
san pham A va B theo don d&t hang. Néu san xuat dugc mot tan san pham
loai A thi phan xuéng nhén dugc so tien I 1a 2 triéu dong. Neu san xuat duoc
mét tan san pham loai B thi phan xudng nhan duoc sé tién i la 1,6 triéu déng.
Mudn san xuat mét tan san pham loai A, nguoi ta phai dung may M, trong 3 gio
va may M, trong 1 gié. Mudn san xuét mét tan san pham loai B, nguoi ta phai
dung may M, trong 1 gié va méy M, trong 1 gi®. M6t may khéng thé dung dé
san xuét ddng thoi hai loai san pham. May M, |am viéc khéng qua 6 gie mét ngay
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va may M, lam viéc khéng qua 4 gio mét ngay. Hoi s6 tién 1&i I6n nhat ma
phan xudng nay co thé thu dugc trong mot ngay la bao nhiéu?

2.29. Gia sir mét nguoi dn kiéng can duoc cung cap it nhat 300 calo, 36 don vi
vitamin A va 90 don vj vitamin C m&i ngay ti hai loai d6 udng / va Il. M&i coc
do udng I cung cap 60 calo, 12 don vj vitamin A va 10 don vj vitamin C.

Mai coc do udng /I cung cap 60 calo, 6 don vi vitamin A va 30 don vj vitamin C.
Biét rang mét coc @6 uong / co gia 12 nghin @dng va mét cée do udng I/ co gia
15 nghin déng.

a) Goi x va y tuong trng la s6 cdc do udng / va Il. Viét cac bat phuwong trinh biéu
thi cac diéu kién clia bai toan thanh mét hé bat phuong trinh va xac dinh mién
nghiém cua hé do.

b) Goi F (nghin déng) la sb tién phai tra cho x cée @6 udng / va y cbe db udng /1.
Hay biéu dién Ftheo x va y.

c) Biét rang F dat gia ti nho nhat trén mién nghiém tim duoc & céu a tai mét
trong cac dinh clia mién nghiém, tim gia tri nho nhat d6. Tir d6 suy ra nguoi
d6 can ubng bao nhiéu céc loai [ va loai Il @& chi phi la nhd nhat ma van dap
(rng dwoc yéu cau hang ngay.
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- CHUONG I

HE THUC LUGNG TRONG TAM GIAC

«. BAIS _ o
GIA TRI LUONG GIAC CUA MOT GOC
TU 0° PEN 180°

A - Kién thuc can nhé

1. Diém M(xq;¥o) ham trén nlra yi
duong tron don vi sao cho
XOM = o. (H.3.1).

Khi @b:
sina = yg, COSO = Xp,

tano = 2% (o, = 90°), . -
Coso

cotor = 25% (@ 2 0° & = 180°),
SIN o Hinh 3.1

tano = (o 2 {0°% 90°; 180°}).

cota
2. Khi o = 0° thi sina =0, coso. = 1.
Khi o = 90° thi sina. =1, cosa = 0.
Khi 0°<a<90°thi O<sina<10<cosu <1 tana >0 va cota > 0.

Khi 90° < 0. <180° thi 0 < sinaa <1 -1<cosa <0, tano. <0 va coto < 0.
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3. Bang gia trj lweng giac (GTLG) clia mot s6 goc déc biét can nhé

GfJC 0 0 L8] o 0 0 0 0 O
GTLG 0 30 45 60 90 120 135 150 180
| 1 1 | 3 N 1
sin 0 — —r bt 1 S — — 0
2 | &2 | 2 2 | 2 2
Cos 1 ﬁ L l 0 +l = ] _ﬁ ~1
> | £ | 2 2 2 | T2
tan o | | 1 J3 [ NE) N L
V3 B B v3
cot I J3 1 i 0 i g | =2 [
J3 V3
Bang 3.1. Gia tri lirong giac caa mét S0 goc dac biét
4. Tinh chéat

a) Gia tri lwong giac cua hai goc phu nhau:
sin(90° — o) = cos ., cos(90° — o) = sino,
tan(90° - «) = cota, cot(90° — o) = tan .
b) Gia tri lvong giac cua hai géc bu nhau:
sin(180° - o) = sine, cos(180° - o) = ~cosy,
tan(180° - ¢) = —tan o, cot(180° — &) = —cota.
c) Hé thirc co ban (bai tap 3.3, SGK Toan 10, tap mét):
sin o + cos? o = 1

1+tan?a = (o = 90°)

cos?

1+ cot’ o = (0% < o < 180°).

sin?

tano. - cota = 1 (0° < o, < 180°, o # 90°).

B-Vidu
Vi du 1. Khéng dung may tinh, tinh gia tri cGa cac biéu thirc sau;
a) A =sin45° .cos135° + cos60° - sin150° - cos30° - sin120°;
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b) B = tan135° + cot60° - cot30° - tan60° - tan 150°;
c) C = 2sin60° - tan150° — cos180° - cot 45°.

Giai

a) T Bang 3.1 ta thay

V3

sin45° = 1 = —c05135°, cosB60° = % = sin150° va cos30° = == sin 120°.

2
;
TUdésuyraA:i.L_L]+1 1 3 ¥8 1 .13
V2 | W2
b) Do tan135° = —1 cotB0° = —, cot30° = tan60° = +/3, tan150° = ———

nénB_-1+T BfB |

c¢) Clng tr Bang 3.1, sin60° =

&I-*
\‘__‘-f

 tan150° = ~%, cos180° = -1 va cot45° =1.

Suy ra

Chu y. Neu deé y den mai lién hé gitra cac géc co trong bieu thirc, nhu cac goc
bl nhau, cac goc phu nhau, thi ta co6 thé giéi bai toan theo cach sau:

a) Do 135° = 180° - 45°, 150° = 180° - 30°, 120° = 180° - 60° nén

A = sind5° - (—cos45°) + cos60° - sin30° — cos30° - sin60°

N 1,11 438 1.1 3
= - |+ +
2L, 22 2 2 2 4 4

b) Do 135° = 180° - 45°, 60° =90° -30°, 150° = 180° - 30° nén
B =-1+1-1an60° - (-tan30°) = 1.
c) Do 150° = 180° - 30° nén
C = 2sin60° -(—-tanBO“) - c0s180° - cot 45°

—2-"25-[-‘%]—(-1)-1:0.
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Viduy 2. Cho goc o, 0° < a < 180° thoa méan coso. = —%.

a) Tinh tanq.
b) Tinh gia tri clia biéu thirc P = tano. + 2coto.

Giai

a) Do cosaz—%r:o nén o. la goc tu va tancx=—J J ~1 ==22.

cos®a
b) Do tano. - cota =1 va tano = —242 nén cota = ey va boi vay
22
1 5
P=-242+2. -—]=-—.
( 242) 2

Nhan xét. Khi tinh tano tir cosw nhd dang thirc 1+ tan® o = sai lam

cos? o

-1 ma quén mat

2

thuong gap cua hoc sinh Ia mac dinh coi tanu:\(
Cos” o

tana < O khi o la goc tu.

C - Baitap
3.1. Tinh gia tri cla cac biéu thirc:
a) A =sin45° + 2sin60° + tan120° + cos135°;
b) B =1an45° - cot135° — sin 30° - cos120° - sin60° - cos150°;
c) C = cos?5° + cos® 25° + cos? 45° + cos® 65° + cos? 85°;
12
1+ tan?® 73°

—2tan 40° - cos60° - tan50°:

d) D= - 4tan75° - cot105° + 12sin?107°

5cot? 108°

+5sin®72°,
1+ tan?18°

e) E = 4tan32° - cos60° - cot 148° +

3.2. Cho géc a, 90° < 0. < 180° thoa mén sina = % Tinh gia tri clia biéu thirc

F= tano + 2cot o
tano + cotor
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3.3. Cho goc o thoa man 0° < o < 180°, tanc = 2. Tinh gié ri clia cac biéu thire sau:
a) G = 2sino + Cosa,

2sina + coso

b) H = = _
SINOL — COS O

3.4*. Cho goc «.thod mén 0° < a < 180°, tana = /2. Tinh gia tri clia biéu thirc

3 2 3

0.+ Sino. - cos® o, + 2sin® ¢ - cos o — 4¢os° o
Sin o, — CoS o '

K:SIH

3.5. Chirng minh rang:
a) sin*o + cos* o = 1-2sina - cos? g;

b) sin® o + cos® o = 1-3sin® o - cos® o ;

c*) ¥sin* o + 6cos? o + 3 + Yoos? o + 4sinZa = 4.

3.6. Géc nghiéng clia Mat Tréi tai mét vi tri trén Trai Bat la géc nghiéng gitra tia
nang luc gitra trwva véi mat dat. Trong thuce té, dé do truc tiép goc nay, vao
gira trua (khoang 12 gid), em c6 thé dwng mét thude thdng vudng goc véi
mat dat, do dd dai clia bong thudc trén mat dat. Khi do, tang clia goc nghiéng
Mat Troi tai vj tri dat thude bang fi s6 gidra d6 dai clia thudc va do dai clia
bong thudc. Goc nghiéng clia Mat Troi phu thudc vao vi d6 cua vi tri do va
phu thudc vao thdi gian do trong nam (ngay thér may trong nam). Tai vj tri co
vi dé ¢ va ngay thir N trong ndm, géc nghiéng ctiia Mat Troi o con dugc tinh
theo cdng thire sau:

. 23,6°

o=90°-¢- cos[(zw 3 6 m]180°]

365

trong 3o m=0néu 1<N<172, m=1néu 173 <N <355 m=2néu 356 <N <365,
a) Hay ap dung céng thirc trén dé tinh goc nghiéng clia Mét Troi vao ngay 10/10
trong nam khéng nhuan (nam ma thang 2 c¢é 28 ngay) tai vj tri co vi dé ¢ = 20°.

b) Hay xé&c dinh vi d6 tai noi em sinh sbng va tinh géc nghiéng clia Mat Troi
tal 6 theo hai cach da duoc dé cap trong bai toan (do trwc tiép va tinh theo
cbng thirc) va so sanh hai két qua thu dugec.

Chuy. Céng thirc tinh toan néi trén chinh xac téi +0,5°.

Goc nghiéng cua Mat Troi ¢6 anh hudng toi sy hé}p thu nhigt tr Mat Troi cla
Tral Bat, tao nén cac mua trong nam trén Trai Pat, chang han, vao mua he,
goc nghiéng Ion nén nhiét do cao.
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- BAI6 _
HE THUC LUONG TRONG TAM GIAC

A - Kién thic can nhé

Quy wéc, ki hiéu. V&i tam giac ABC, ta thuwdng st dung cac ki hiéu sau:

a b, c . B6 dai cac canh BC, CA, AB

h,, hy. h, - Do dai duong caokétr A B, C

p = a+g+c - Nura chu vi clia tam giac

S . Dién tich cua tam giac

R, r : Ban kinh duédng trén ngoai tiép, ban kinh duwdng trén néi tiép
m,. My, M, . P> dai dwéng trung tuyén keé tir A, B, C.

Dinh li césin. Trong tam giac ABC, taco a* = b* + ¢ - 2bccosA.

Dinh li sin. Trong tam giac ABC, ta co _a o B =

= =2K
sinA sihB sinC

Cac cong thirc tinh dién tich:

absinC = i% = pr = p(p - a)p - b)(p -c).

B-Vidu
Vidu 1. Chotam giac ABCcba=8,b=9,c=6.
a) Tinh sé do cac goc clia tam giac.

b) Tinh dién tich, ban kinh dwdng tron ngoai tiép, ban kinh dudng tron ndi tiép,
d¢ dai cac duong cao cua tam giac.

Giai
a) Ap dung dinh li césin, ta co

b’ +c*-a* 81+36-64 53
2bc 2-9-6 108

COSA =

Suyra A ~ 60°36'39”.
Hoan toan twong tu, tinh duoc B = 78°35'5”, C = 40°48'16” .
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b) Do @ =8, b=29,c =6 nén tam gidc ABC conirachuvi p=tor°_23

2 7
7 5 . "M . . , .
Suyra p-a =§-, p—b:—z- va p-cC ZE' Tuw do, theo cong thirc Heron ta
duoc dién tich cua tam giacla S = JE e e A .
2z 2 2 2 4
Suy ra ban kinh duong tron néi tiép 7 = % . Te% va ban kinh dwéng ron
ngoai tiep R = oL P
| 48 8855
Nhan xét

— Dinh li césin gilp ta giai tam giac trong trudng hop biét ba canh cla tam giac
hodc biét hai canh va géc xen gilra hai canh do (bai tap 3.8 va 3.9).

— Tw cosA = % str dung hé thirc co ban (bai tap 3.3, SGK Toan 10, tap mét),

J8855

108

/8855

thu dugc S = :
4

tinh duwoc sin A =

. Tl do6, str dung cong thic S = -;—bcsinA ta cling

Vi du 2. Cho tam giac ABCco6 A =15° ¢ =6 va B = 120°.
a) Tinh do dai cac canh a, b.
b) Tinh d6 dai ban kinh duwéng tron ngoai tiép tam giac va dién tich cla tam giac.
c) Tinh d¢ dai dudng cao h,.
Giai
a)Do A =15°, B =120° nén C =180° — A— B = 45°.
Ap dung dinh i sin ta dwoc:

a=—_ . sinA= .sin15° = 3(J3 = 1),

sinC sin 45°
b=—— sinB = .sin120° = 348.
sinC sin 45°
b) Theo dinh Ii sin, ban kinh dwéng tron ngoai tiép clia tam giac l1a
2 ENCY,

" 2sinC  2sin45°
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Doa=3(J3-1).b=36.c=6vaR=3J2nén
abc 3(¥3-1-3/6-6 93(3-1)

§ = = .
4R 4.32 2

28 9f3(W3-1) _
a 3(y3-1) -3

c) Tlr két qua clia phan b), suyra h, =

Nhan xét

— PBinh |i sin giup ta giai tam giac trong trudng hop biét hai gdc va mét canh clia
tam giac.

— O phan b) cling c6 thé sl dung cong thirc S = -;-absinc dé tinh dién tich cla
tam giac.
Vi du 3. Cho tam giac ABC. Chirng minh rang:

< .. 2
» b°+cC a“ .
a) ms = ——
) me 2 4
b)1+1+1:1.
h, h, h, r
Giai

a) Goi Mla trung diém clia BC. Khi @6 m, = AM. C6 hai trudng hop sau xay ra:
Truong hop 1. b = ¢. Trong trudng hop hay AM cling chinh la duwong cao ké
> . g, 5 p, 2 32 bE 3 DE 32
tw A cua tam giac. Do do m; = AC - CM* = b“ - N T

Tridng hop 2. b = ¢. Khdng mat tinh téng quét, xét trudng hop b < ¢ (H.3.2),
trirong hop con lai chirng minh tuong .

Goi D la chan dudng cao ké tir A. Do b < ¢ nén D thudc tia MC.
Ap dung dinh li Pythagore cho tam giac ADB, ta ¢c6

A
AB? = BD? + AD? = (BM + MD)* + AD?
= BM? +2.BM - MD + MD? + AD".
Suyra AB? = BM? +2-BM-MD+ AM*. (1)
Mot cach twong tu, ap dung dinh li Pythagore
cho tam giac ADC, cling duoc
AC? = AD? + (MC - MDY g M f,_' C

= MC? - 2-MC - MD + AM*. (2) Hinh 3.2
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T (1) va (2) suyra
AB? + AC? = (BM? + CM?) + 2(BM - MD - CM - MD) + 2AM?
= (BM? + CM?) + 2AM?
b* +¢?  a°
2 4
b) Tl cdng thirc tinh dién fich tam giac suy ra
1 p a b ¢ 1 :

S et — = — — o —,
r S 28 25 2S5 h, h, h,

hay m: =

Nhan xeét

y . fEaet g , ; L amaen p
— Cbng thtrc m; = 5 "2 cho phép ta tinh duwgc dé dai dwdng trung tuyén
clia mét tam giac, khi biét ba canh clia né. Co6 thé thu dugc céng thirc nay
bang cach lam nhu trong bai 3.16 (Toan 10, tap maot).
— Néu goi E la diém dbi xing véi A qua M, thi t&r giac ABEC la mét hinh binh
hanh vo&i hai duong chéo BC, AE. Khi dé céng thuc tinh dé dai dudng trung

tuyén & phan a) tré thanh BC? + AE? = AB? + BE? + EC? + CA®.

Vi du 4. Cho tam giac ABC co cac géc thoa mén sinC = 2-sinB - cosA. Chung
minh rang tam giac ABC la mét tam giac can.
Giai
Ap dung céac dinh i sin va césin, ta co
BE ey
2bc
d=}02 =b2+02-—32 {=.'-*a=b.

sSiNC = 2siINBCosA & ¢ = 2bCOSA < ¢ =2b-

Vay tam giac ABC can tai C.

Vi dy 5. Dé do chiéu cao clia mot tda nha, ngudi ta chon hai diém A va B thang
hang véi chan C cla téa nha, cach nhau 15 m. Sir dung giac ké, tir A va B tuong
(rng nhin thay dinh D cla téa nha dwdéi cac goc 35° va 40° so véi phuong nam
ngang. Héi chiéu cao clia toa nha do duoc la bao nhiéu mét?

Giai

Do CBD = 40°, BAD = 35° nén ADB = 40° - 35° = 5° (H.3.3). Ap dung dinh i

sin cho tam giac ABD ta duwgc BD = a2l SinA = . sin35°.

sinD sin5°
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Tir d0 suy ra chiéu cao clia toa nha bang

h=CD=BD-sinCBD = . sin35° - sin 40°

sin5°
= 63,45 (m).
D
h=1?
35° A40° ]
A1Sm B C
Hinh 3.3

Nhan xét. Viéc sir dung cac hé thirc Ivong trong tam giac giup ta co thé giai dwoc
nhitng bai toan vé do dac trong thuc t&, nhu do chiéu cao clia mét vat thé, do
khoang céach gilra hai diém ma khéng thé do tryc tiép dugc (xem bai tap 3.10,
3.11,3.12)

C - Baitap
3.7. Cho tam giac ABC co A = 45°, C = 30° va ¢ = 12.
a) Tinh d6 dai cac canh con lai cua tam giac.
b) Tinh d6 dai ban kinh dwdng tron ngoai tiép cua tam giac.
¢) Tinh dién tich cua tam giac.
d) Tinh d6 dai cac dudng cao cua tam giac.
3.8. Tam giac ABCcb a=19 b=6 va ¢ = 15.
a) Tinh cosA.
b) Tinh dién tich tam giac.
¢) Tinh d6 dai duwong cao h,.

d) Tinh d6 dai ban kinh dudng tron néi tiép clia tam giac.
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3.9. Cho tam giac ABC cd a = 4, C=60°b=5.

a) Tinh céac goc va canh con lai cla tam giac.
b) Tinh dién tich cua tam giac.

¢) Tinh d6 dai dudng trung tuyén ké tir dinh A cla tam giac.

3.10. MGt tau cé xuat phat tr dao A, chay 50 km theo hwéng N24°E dén dao B

dé lay thém ngu cu, réi chuyén huéng N36°W chay tiép 130 km dén ngu
truwong C.

a) Tinh khoang cach tir vi tri xuat phat A dén C (lam trén dén hang don vi,
theo don vj do Kilomet).

b) Tim hwéng ttr A dén C (Iam tron dén hang don vi, theo don vi do).

3.11. M6t tau du lich xuat phat tir bai bién ©6 Son (Hai Phong), chay theo hudng
N8O°E vé&i van tdc 20 km/m. Sau khi di dwgc 30 phat, tau chuyén sang
huéng E20°S gilt nguyén van téc va chay tiép 36 phut nlra dén dao Cat Ba.
Hoi khi @6 tau du lich cach vi tri xuat phat bao nhiéu kilédmet?

3.12. M6t cay cd thu moc thdng dirng bén Ié€ mot con déc cd d6 déc 10° so Vo
phwong nam ngang. T mét diém duwdi chan déc, cach gdc cay 31 m nguoi ta
nhin dinh ngon cay dwdi mét goc 40° so voi phwong nam ngang. Hay tinh
chiéu cao cla cay.

3.13. Cho tam giac ABC. Chirng minh rang:

s .

45 ‘

a) cotA + cotB +cotC =

b) m? + m¢ + m? =%(az+b2+cz].

3.14. Cho tam giac ABC ¢ hai trung tuyén ké tir A va B vudng goc.
Chuirng minh rang:
a) a° + b® = 5¢%;
b) cotC = 2(cot A + cotB).

3.15. Cho tam giac ABC c6 cac goc thoa man 5'”1A =308 SNC inkedido

2 B

cac goc cla tam giac.

3.16. Cho tam giac ABC c6 S = 2R*sinAsinB. Chirng minh rang tam giac ABC
la mét tam giac vudng.
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BAI TAP CUOI CHUONG III

A - Trac nghiém
3.17. Tam giac ABC cd A = 15°, B = 45°. Gia fri clia tanC béng

1 1
A. —3. B. 3. C. o D. g
3.18. Trén mat phang toa & Oxy, lay diém M thudc nira dudng tron don vi sao
cho XOM = 135°. Tich hoanh d6 va tung do clia diém M bang
A el ) o, -t
3.19. Trén mat phang toa do Oxy, lay diém M thudc nira dwdng tron don vi sao cho
XOM = 150°. N la diém déi xtrng v6i M qua truc tung. Gia fri clia tan XON bang
1 1

A . B. ——p. C. V3. D. /3.
J3 J3
3.20. Cho goc nhon o co tano = % Gi4 tri cuia tich sino. - cosa bang
Al Byt B b2,
3 25 12 4
3.21. Cho goc o (0° < o < 180°) thod mén sinc + cosa = 1. Gia tri clia cote 12
A. 0. B. 1. & D. Khéng ton tai.
3.22. Cho goc o, thoa man sino + coso, = /2. Gia tri clia tano. + cotola
A 1. B.-2. C. 0. D 2.
3.23. Trén mat phang toa dd Oxy lay diém vi

M thudc nira dudng tron don vi, sao cho

cos XOM = -% (H.3.4).

Dién tich clia tam giac AOM bang

AL g 2, -
5 5

c 2 D. >
5 10
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3.24. Trén mét phang toa d6 Oxy lay diém
M thudc ntra dudng tron don vi, sao cho
XOM = 150° (H.3.5). LAy N d&i x(rng v&i
M qua truc tung. Dién tich cua tam giac
MAN bang

A N3 g V3 x

4 2
G w3 D. 24/3.

Hinh 3.5
3.25. Cho cosa = . Gia frj clia P = an® + 2cota. |\,
4 2tano + 3coto
L Bl
33 33

c L B, =

> 33

3.26. Tam giac ABC cé a =2 b =3, ¢ = 4. Ban kinh duéng tron ngoai tiép cla
tam giac ABC la

J15 7
A R=312, B B

2 J15
c.R=Y2 D, B,

: 15

3.27. Tam giac ABC cd a= 4 b =5, ¢ = 6. Do dai duong cao h, bang

a T Bl
2 2J7
c T B
4 m?
3.28. Cho tam giac ABC c6 a= 20, b= 16va m, = 10. Dién tich clia tam giac bang
A. 92. B. 100.
C. 96. D. 88.
3.29. Tam giac ABC c6 a=14,b=9 va m, = 8. D6 dai dudng cao h, bang
A 245 g 1245
7 7
C. 1246. D. 24+/5.
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3.30. Tam giac ABC c6 A = 45° ¢ =6, B = 75°.

D6 dai duwong cao hy, bang

3
A 842 B —.

J2
C. 642. D. 23.

3.31. Tam giac ABC cd A = 45°, ¢ = 6, B = 75°.
D6 dai ban kinh dwéng tron ngoai tiép clia tam giac bang
A. 843 B. 24/3.
C. 643. D. 43.

3.32. Tam giac ABC co dien tich S = 2R? .sinBsinC, voi R 1a dé dai ban kinh
dudng tron ngoai tiép clia tam giac. S6 do goc A bang

A. 60°. B. 90°.
C. 30° D. 75°

3.33. Tam giac ABC co AB = /5, AC = /2 va C = 45°

D6 dai canh BC bang
A 3. B.2

C. N3 D. 2.

3.34. Tam giac ABC co C =60° AC =2 va AB = 7.
Dién tich clia tam giac ABC bang

A. % B. 34J3.
& % B &3

3.35. Tam giac ABC ¢o A =60° AB = 3 va BC = 343.

Do dai ban kinh dwéng tron néi tiép clia tam giac ABC 3

3(43-1) 3(v3 +1)
A=, B, ===
c % D. 3 -1.
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3.36. Mot ca nd xuat phat tr cang A, chay theo hudng déng vai van toéc 60 km/h.
Cung luc d6, mét tau ca, xuat phat tir A, chay theo hudng N30°E véi van toc
50 km/. Sau 2 gi¢, hai tau cach nhau bao nhiéu Kildmét?

A. 110 km. B. 112 km.

C. 1114 km. D. 110,5 km.

3.37. Mot ngudi dung trén dai quan sat dat
& cudi mét duong dua thang. O dé cao
6 m so voi mat duong dua, tai mét thoi
diém ngudi d6 nhin hai van d@éng vien A
va B dudi cac goc twong tng la 60° va
30°, so vdi phuwong nam ngang (H.3.6).
Khoang cach gilta hai van dong vién A
va B (lam tron dén hang don vi, theo don
vi mét) tai thei diém do la

A.8m. B. £
C.6m. D.9m.
B - Tu luan

3.38. Chogoctu a co sina = %
a) Tinh cosq, tan ¢, coto.
b) Tinh gia trj clia cac biéu thirc :
A = sina - cot(180° — o) + cos(180°

3(sina + 2 - coso) - 2
sino -2 -coso.

J6 -2
£-8

a) Tinh sin75°, cos105°, tan165°.
b) Tinh gia tri clia biéu thirc

B:

3.39. Cho sin15° =

Hinh 3.6

- {I) .cot(90° - :)!.);

A = sin75° - cos165° + cos105° - sin165°,

3.40. Cho tam giac ABCco AB=1,BC=2va ABC = 60°. Tinh d6 dai canh va

s0 do cac goc con lai clia tam giac.
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3.41. Chotam giac ABCcdo c=1a=2va B =120°
a) Tinh b, A, C.

b) Tinh dién tich clia tam giac.
c) Tinh d dai dwong cao ké tir B clia tam giac.
3.42. Chotamgiac ABCcéa=3 b=5vac="7.

a) Tinh cac goc cla tam giac, 1am tron dén do.
b) Tinh ban kinh duéng tron ndi tiép va dudng tron ngoai tiép clia tam giac.

3.43. Cho tam giac ABC ¢é B = 45°,C = 15° va b = /2. Tinh a, h,.

3.44. Cho tam giac ABC, coc=5, a= 8va B = 60°

a) Tinh b va s6 do cac goc A, C (sb do cac goc lam tron dén hang don vj, theo
don v| dg).

b) Tinh d6 dai duong cao ke tur B.
¢) Tinh 3 dai trung tuyén ké tir A.

3.45. Cho tam giac ABC cd B =15°, C =30° vac= 2.
a) Tinh sb do goc A va d6 dai cac canh a, b.
b) Tinh dién tich va ban kinh dwdng trén ngoai tiép clia tam giac.
c) L&y diém D thuéc canh AB sao cho BCD = DCA (trc CD la phan giac clia
goéc BCA ). Tinh @6 dai CD.

3.46. Trén bién, mét tau ca xuat phat tir cang A, chay vé phuong déng 15 km toi B,
réi chuyén sang huéng E30°S chay tiép 20 km niia tai dao C.

a) Tinh khoang cach tir A t&i C (lam trén dén hang don vi, theo don vi kildmét).
b) Xac dinh huéng tir A téi C (1am tron dén hang don vi, theo don vi dé).

3.47. Trén suwdn doi, vai dé doc 12% (d6 doc clia swon doi dugc tinh bang tang
c&gx goc nhen tao boi suon doi voi phuong nam ngang) cé mot cay cao moc
thang ding. O phia chan ddi, cach gbc cay 30 m, ngudi ta nhin ngon cay
dudi mét goc 45° so véi phuong ndm ngang. Tinh chiéu cao cla cay dé (lam
tron dén hang don vi, theo don vi mét).
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CHUONG 1V

VECTO

e BAT o
CAC KHAI NIEM MO PAU

A - Kién thdc can nhé

1

Vecto |a mét doan thang co6 hudng, hghta la, trong hai dau muat cla doan
théng, da chi ro diém dau, diém cudi.

D6 dai clia vecto |a khoang céch gitra diém dau va diém cudi clia vecto doé.
Puong thdng di qua diém dau va diém cudi cla mét vecto duoc goi la gia cla
vecto do.

M6t vecto hoan toan duoc xac dinh khi biét huwéng va dé dai cua no.

Hai vecto dugc goi la cung phuong héu chung co gia song song hoac
trung nhau.

Péi véi hai vecto cling phuwrong thi chiing cting hwéng hodc nguoc hudng.

Hai vecto dugc goi la bang nhau néu ching c6 cung do dai va cung hudng.
Vecto - khong la vecto co dieém dau va diém cudi triing nhau.

Vecto 0 co do dai bang 0, cuing phuwong véi moi vecto, clng hudng véi moi
vecto.

B-Vidu

Vi du 1. Cho hinh thoi ABCD. Gai O |a giao diém cla hai dudng chéo AC, BD.
Xét cac cap vecto: AB va DC, DA va BC, BC va CD, OA va CO, BO va DO.

a) Hay chi ra moi quan hé vé phuong, huéng va doé dai clia cac vecto trong moi

cap trén.

b) Trong céc cap trén, co bao nhiéu cap gom hai vecto bang nhau?
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Giai (H.4.1)

a) Do tor giac ABCD la hinh thoi, nén cac cap
canh ddi dién song song va bang nhau, hai
duéng chéo cat nhau tai trung diém cua
moi duong. Tu d6

— Hai vecto AB va DC cling hudng va
cung dé dai;

— Hai vecto DA va BC nguoc hwdng va Hinh 4.1

cung do dai;

— Hai vecto BC va CD khéng cling phurong, nhing ¢oé d6 dai bang nhau:
— Hai vecto OA va CO cling huéng va cung d6 dai:

— Hai vecto BO va DO cung do dai, nhung nguoc huong.

b) Theo ket qua cla cau a,

— Do hai vecto AB va DC cling huéng va cung d6 dai, nén AB = DC;

— Do hai vecto OA va CO cung hu'éng va cung do dai, nén OA = CO:

— Do hai vecto DA va BC co clng do dai, hhing nguoc huong nén DA va
BC khéng bang nhau. Tuong tu. BO va DO khong bang nhau;

— Do hai vecto BC va CD khéng cung phuong, vi vay BC va CD khéng
bang nhau.

Vay, trong nhithg cap vecto duoc xét, co 2 cap gém hai vecto bang nhau, dé
|a AB va DC; OA va CO.

Vi du 2. Cho tam giac ABC. Vé cac duéng trung tuyén AD, BE, CF cla tam giac
(De BC, Ee CA F e AB). Xét céc vecto co dau mut duoc lay tir cac diem A, B,
C.D.EF

Hay chi ra cac bé ba vecto khac 0 va doi mat bang nhau.

Giai (H.4.2)

Tir gia thiét suy ra D la trung diém BC, E |a trung diém CA va F la trung diém AB.
Ti d6 DE, EF, FD la cac duwong trung binh cla tam giac. Do d6, hai doan théng
DE. BF song song va bang nhau, hai doan thang DE, FA song song va bang
nhau. Suy ra cac tu giac AEDF, FEDB la hinh binh hanh. Do d6 cac vecto
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BF, DE, FA ciing huéng va ciing do dai; A

cac vecto AF, FB,ED cung huong va
cung d6 dai. B&i vay BF = FA = DE va
AF = FB = ED. F E

Bang lap luan trong tw, cling duoc

BD = DC = FE va CD = DB = EF:

.....

Hinh 4.2
C-Baitap
4.1. Cho tam giac ABC. Goi M la trung diém clia canh BC va G |a trong tam cla
tam giac. Trong cac khang dinh sau, khang dinh nao la mét khang dinh dung?
a) Hail vecto GA va GM cung phuong;
b) Hai vecto GA va GM cung huéng:
c) Hai vecto GA va GM nguwoc hudng;
d) D6 dai clia vecto AM bang ba |an d6 dai clia vecto MG.

4.2. Cho trwdc hai vecto khéng cling phuong a va b. Héi co hay khéng mét
vecto cling phuong véica a va b?

4.3. Choba vecto a, b, ¢ cung phuwong va cung khac vecto 0 Chirng minh réng
c6 it nhéat hai vecto trong ching ¢ cung huéng.

4.4. Cho luc giac déu ABCDEF c6 tam O. Xét cac vecto c6 hai diém mut |4y tir
cacdiém O, A, B, C. D, E, F.

a) Hay chi ra cac vecto khac vecto - khéng va cung phuong véi vecto OA
b) Tim cac vecto bang vecto AB.

4.5. Cho tam giac ABC khéng vuéng, vdi tryc tam H, ndi tiep dwdng tron (O).
Ké dudng kinh AA' cia dwong tron (O).
a) Chirng minh réng BH = A'C.
b) Goi M la trung diém canh BC. Tim méi quan hé vé phuong, hudng va do
dai clia hai vecto AH va OM.
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4.6. Trén bién Dong, mét tau chuyén déng déu tir vi tri A theo hudng N20° E Voi
van toc 20 km/m. Sau 2 gio, tau dén dugc vj tri B. Hoi A cach B bao nhiéu
kilémét va vé huéng nao so voi B?

«. BAIB _
TONG VA HIEU CUA HAI VECTO

A - Kién thic can nhé

1. Vecto déi
Vecto ddi clia vecto a, ki hiéu —a, |a vecto nguoc hwdng va cung do dai voi
vecto a.

2. Quy tic cong, trir hai vecto
— Quy tac ba diém (hay cén dwoc goi la quy tac tam gidc):
Véi ba diém bat ki A, B, C, ta cé:
AB + BC = AC: AC — AB = BC.
— Quy téc hinh binh hanh: Néu ABCD la hinh binh hanh thi AB + AD = AC.

3. Tinh chét
— Tinh chét giao hoan cua phép cong: a+b=b+a, Ya,b.
) +

— Tinh chéat két hop clia phép cong: (a+b

-

—Tinh chatcllavecto 0: a+0=0+a=a, Va.

— Tinh chét clia vecto déi: a + (-a) =

4. Dau hiéu nhan biét trung diém doan thang, trong tam tam giac
— M1a trung diém doan thang AB khi va chi khi MA + MB = 0.
— G la trong tam tam giac ABC khi va chi khi GA + GB + GC = 0.

B - Vidu
Vidu 1. Cho hinh ch&r nhat ABCD vai AB = a, AD = aﬁ‘
a) Tinh d6 dai clia vecto DC + BD + AB.

b) Xac dinh diém M sao cho DC + BD + AB = BM.
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Giai A D
a) Do hinh ch(r nhat ABCD c6 AB = a, AD = aﬁ
nén do dai hai duwong chéo AC, BD bang
- 2
Jaz +(av2)” = ay3. (H.4.3a)
Theo tinh chat giao hoan va két hgp phép céng 4 c

vecto, ta co Hinh 4.3a

DC +BD + AB = AB + BD + DC

A D
- (AB+BD) +DC = AD+DC = AC.
Do d6 |DC + BD + AB| = [AC] = a/3. | |
b) Do DC+ BD + AB = AC nén DC+BD+ AB = BM
¢ AC = BM (H.4.3b). Theo két qua bai tap 4 -

4.3, SGK Toan 10 tap 1, ddng thic AC = BM
twong dwong voi tor giac ABMC la moét hinh
binh hanh. Ttr @ CM = AB = DC. Vay diém M
can tim la diém ddi xirng v6i D qua C.

Hinh 4.3b M

Vi dy 2. Cho luc giac déu ABCDEF tam O, d6 dai cac canh bang 1.
a) Chirng minh rang

A B
OA + OB + OC + 0D + OE + OF = 0.
b) Tinh d6 dai clia cac vecto AB +OE, AB + CD + EF. ; .
Giai
a) Do O la tam cla luc giac déu ABCDEF nén O la
trung diem cla cac duong chéo AD, BE, CF 5 D

(H.4.4a).
Khi d OA +OD =0, OB + OF =0, OC + OF = 0.

A B
Suyra OA + OB + OC + OD + OE + OF =0,
b) Theo két quéa cuia bai tap 4.4, ta duoc
AB + OF = FO + OFE = FE (H.4.4b). " .
Tl @6, do d6 dai cac canh cla luc giac ABCDEF
b&ng 1nén |AB + OF| = |EF| = 1. 3 .

Hinh 4.4b

Hinh 4.4a




Vi du 3. Trén Hinh 4.5 biéu dién ba luc aE.;

F,, F, clng tac déng vao mét vat & vi tri can Fy F
bing O. Cho biét cuong d6 ciia E, F déu ¢
b&ng 100 N va géc tao bdi F, va F, béng 7
120°. Tinh cuong do clia luc F,.
Giai ‘
Ta st dung cac vecto OA, OB,OC va OD Hinh 4.5
lan Iugt biéu dién cho cac luc ﬁ, Fz, F3 va
D

hop Iwc F clia F;, F, (H.4.6). e
Khi do, do F=F+F va |[F|=[R]=100, " R
nén tr giac AOBD la hinh thoi. Tlr do, do 4 :
AOB = 120°, suy ra OAD = 60°, do d6 tam F 120 " F
giac AOD déu. Béi vay |Fl = 0D = 0A = 100. 0
Do vat & vj tri can bang nén hai luc F va E -
nguwoc hudng va cé cudng dé bang nhau, tic i
la hai vecto OD va OC la hai vecto d@6i nhau.
Suy ra cudng do clia lyc F, bang 1

7| = IFl = 100 () Hinh 4.6

C - Bai tap
4.7. Cho hai vecto a va b khéng cung phwong. Chirng minh réng
lal - |8l < [a + Bl < [al + 5],

4.8. Cho hinh binh hanh ABCD tam O. M la mét diém tuy y thudéc canh BC, khac
B va C. MO cat canh AD tai N.

a) Chirng minh rang O la trung diém MN.

b) Goi G la trong tam tam giac BCD. Chirng minh réng G cling la trong tam
tam giac MNC.

4.9. Cho tir giac ABCD.
a) Chtrng minh réng AB + BC + CD + DA = 0.
b) Chitng minh réng AB + CD = AD + CB.

50



4.10. Cho tam giac ABC. Gqi D, E, F theo thur tu
la trung diém clia cac canh BC, CA, AB.

a) Xac dinh vecto AF — BD + CE.
b) Xac dinh diém M thoa man AF — BD + CE = MA.
¢) Ching minh rang MC = AB.

4.11. Trén Hinh 4.7 biéu dién ba luc 7‘:: F; E_{ F
cung tac ddng vao mét vat ¢ vij tri can béng A,
Cho biét |F| = 30N, [F,| = 40N. Tinh cuong d6 |

clia lyc F,. Hinh 4.7

4.12. Trén mat phang, chét diém A chiju tac dung cliaba lyc F,, F,, F, va & trang
thai can biing. Goc gitra hai vecto £, F, béng 60°. Tinh do I&n clia F,, biét

Fl-IFl-2E n

«. BAY Lo
TICH CUA MOT VECTO VOI MOT SO

A - Kién thuc can nhé
1. Tich clia vecto a # 0 v&i 86 thuc k Ki hiéu ka, 1a mét vecto:

— ¢6 d6 dai bang |kl -|al:

— cung hudng voi a khi k >0 va ngugc hudng voi a khi k <0;
2. Tinh chét. Cho hai vecto a, b va cho hai sé thuc k, t. Khi d6

_ k(ta) = (kt)a

— kla+b) =ka+ kb; k(a-b) = ka - kb,

~ (k+t)a=ka-+ta:

o e (=T =

_ ka=0<« k=0 hoac a =0
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3. Hai vecto a va b (b = 0) cung phwong khi va chi khi ton tai sé thuc k sao cho
a = kb.
4. Cho trudc vecto a = 0. Khi d6 voi moi vecto b cling phuong voi a, tdn tai

duy nhat s6 thuc x sao cho b = xa.

5. Cho truéc hai vecto a va b khdng cung phuong. Khi dé véi moi vecto c tbn
tai duy nhéat cép sé (x; y) sao cho ¢ = xa + yb.

6. Mla trung diém clia AB khi va chi khi OA + OB = 20M, VO.

G la trong tam tam giac ABC khi va chi khi OA + OB +0OC = 30G, VO.

B. Vidu

Vidu 1. Cho tam giac ABC. Goi M la frung diém clia BC. Goi G, G4, G» theo thir 1y 1a
trong tam céc tam giac ABC, ABM, ACM. Chimg minh rang G la trung diém clia G,G,.

Giai
Do M la trung diém cla BC: G, G4, G» theo thir tw la trong tdm cac tam giac
ABC, ABM, ACM nén véi moi diém O, ta cé

OB +OC = 20M , OA + OB + OC = 30G,
OA + OB + OM = 30G,, OA + OC + OM = 30G, .

Tl d0 suy ra
3(0G, + 0G,) = (OA + OB + OC) + (OA + 20M)
- (0OA+0B+0C)+(0A + OB + OC) = 60G.

Suy ra OG, + 0G, = 20G. Do d6 G la trung diém clia G,G..

Vi duy 2. Cho tam giac ABC. Trén canh BC lay diém M sao cho BM = 2MC.

a) Chirng minh rdng MB + 2MC = 0. A
b) Chitng minh rang AB + 2AC = 3AM.
Giai (H.4.8)

a) Do M thuéc canh BC va BM = 2MC nén hai
vecto MB, MC nguoc huéng va [MB| = 2|mc|.
Suy ra MB = —2MC va do d6 MB + 2MC = 0.

B M C
Hinh 4.8
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b) Theo quy tic ba diém, ta c6 AB = AM + MB: AC = AM + MC.
Tl @6 AB + 2AC = (AM + MB) + 2(AM + MC) = 3AM + (MB + 2MC) = 3AM
Nhan xét
— Biém M trong vi du nay duoc goi la diém chia doan thang BC theo fi s 2.
— Bang lap luan tuwong tu ta chirng minh dwoc diém M chia doan AB theo fi
sb k (trc la MA = kMB ) khi va chi khi OA — kOB = (1— k)OM, VO.

Vi du 3. Goi G va G' theo thr ty la trong tam cla tam giac ABC va tam giac
A'B'C'. Chirng minh rang AA’ + BB +CC =3GG"

Giai
Do G la trong tam tam giac ABC, G'la trong tam tam giac AB'C' nhen ta co:
AG+BG+CG =0 (1)
vi GA'+GB +GC =0 (2)

Theo quy tac ba diém, ta co
EE’ + BB’ + 55} = (:‘-‘f@ - é_C-;‘*’ + C-_};;fi}) + [Bé + 56; + FGTE*’) + (“C—C-.‘: - GG}+ G’C})
=(AG+BG+CE)+ GG (@A G GLC).

TU dova (1), (2) suy ra AA” + BB’ +CC’ = 3GG..

Vi du 4. Cho tam giac ABC.

a) Tim diém M sao cho MA — 2MB + 3MC = 0.

b) Tim tap hop cac diém N thoa man |[NA + 3NC| = 4|NB|.

Giai
a) Gia sir tim dwgc diém M thoa man (H.4.9a). Khi d6, véi / 1a trung diém AC, ta co
MA - 2MB + 3MC = (MA + MC) - 2(MB - MC) = 2Mi — 2CB = 2(Mi - CB).

Khi d6 MA — 2MB + 3MC =0

< 2(MI -CB) =0 < Mi = CB.

Do B, C, | khéng cung thuéc mét dwong

thang, nén diéu nay tuong duong Voi &
ttr giac BCMI 1a mét hinh binh hanh.
\Vay diém M can tim la dinh thr tw cla
hinh binh hanh dung trén hai canh

BC, BI, tuc la M déi xirng v&i B qua
trung diém cta IC. Hinh 4.9a

A
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b) Goi J la trung diém clia IC (H.4.9b). A
Khi 36 JA = 3JC vado d6 JA = -3JC.
Tl d6 suy ra
M+3E=(m+ﬁ)+3(m+ﬁ)=4m.
Do d6 |NA + 3NC| = 4|NB| < 4|NJ| = 4|NB|

o [Nd] = [vB| 8 \ <
tire la N thuéc trung truc cla doan JB. Hinh 4.9b

Vay tap hop cac diém N can tim la duong trung truc ciia doan JB.
C - Baitap
4.13. Cho tam giac ABC. Goi D, E twong (ng la trung diém clia BC, CA. Hay

bidu thi cac vecto AB. BC. CA theo hai vecto AD va BE.
4.14. Cho tam giac OAB vudng can, véi OA = OB = a. Hay xac dinh do dai cua
cac vecto sau OA + OB, OA — OB, OA + 20B, 20A — 30B.

4.15. Cho tam giac ABC co trye tam H, frong tam G va tam dudng tron ngoai tiép O.
a) Goi M la trung diém clia BC. Chirng minh rang AH = 20M.
b) Chirng minh rang OA + OB + OC = OH.
c) Chitng minh rang ba diém G, H, O cung thudéc maét dwong thang.

4.16. Cho ttr giac ABCD. Goi M, N theo thir tw la trung diém cac canh AB, CDva
goi / la trung diém cua MN. Chirng minh rang voi diém O bat ki déu co
OA + OB+ OC + 0D = 401,
4.17. Cho luc giac ABCDEF. Goi M, N, P, Q, R, S theo thr tw 1a trung diém cla

cac canh AB, BC, CD, DE, EF, FA. Chitng minh rang hai tam giac MPR va
NQS co cung trong tam.

4.18. Cho tam giac ABC déu voi trong tam O. M la mot diém tuy ¥ nam trong tam
giac. Goi D, E, F theo thi tu 1a hinh chiéu vuéng goc cla M trén BC, CA, AB.

Chirng minh réing VD + ME + WF = %W.

4.19. Cho tam giac ABC.
a) Tim diém M sao cho MA + MB + 2MC = 0.
b) Xac dinh diém N thoa man 4NA — 2NB + NC = 0.
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4.20. Cho tam giac ABC.
a) Tim diém K thoa méan KA + 2KB + 3KC = 0.

b) Tim tap hop cac diém Mthoa man |MA + 2B + 3MC| = [MB - mc|

4.21. Mot vat dong chat dugc tha vao mét coc chat [ong. O trang théi can bang,
vat chim maét nira thé tich trong chét 16ng. Tim mdi lién hé gitka trong lwc P

clia vat va lyc day Archimedes F ma c’hét 1dng tac dong lén vat. Tinh fi s6
giCra trong lwong riéng cua vat va cua chat long.

<. BAIO _,
VECTO TRONG MAT PHANG TOA PO

A - Kién thic can nhéd

1. Truc toa @, toa d6 déi véi truc
Truc toa do (con goi la truc hay truc sé) la mét duwong thang, ma trén dé da
xac dinh mat diém O va mot vecto e co do dai bang 1. Biém O goi la géc toa
dé, vecto e goi la vecto don vj clia tryc.

Piém M trén truc biéu dién sé x, néu OM = x,e (H.4.10).

G Y
Hinh 4.10
2. Hé truc toa d6, toa d¢ d6i voi hé truc g
toa dé
Hé truc toa dd |a mét hé gbm hai truc Ox
(voi vecto don vi f} va truc Oy (voi vecto

<y

N\

don Vi }) vuéng géc véi nhau tai géc Yo

chung O. Truc Ox duwoc gQi la fruc hoanh,
truc Oy duoc goi la true tung (H.4.11). /

Ne

V6i méi vecto u trén mat phang Oxy, co :/
duy nhat cap so thuc (XQ;J/Q) sao cho o

¥
|

=5l ] Hinh 4.11
n i
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Cap s6 (Xy.Y,) O day dugc goi la toa d6 clia vecto v d6i véi hé truc. Ta viét
U =(Xy.¥o) hay t(xyy,) dé chirdng vecto u cotoa do la (x,:y,) ddi véi hé
truc toa 9. Cac sb xg. Y, twong (ng goi la hoanh do, tung d cla vecto u.

Néu diem M co toa do (x,: Y, ) thi vecto OM cotoadd ( (Xg:Yo) Va fOMl ,,‘ X3 +y3.
VGi hai diém M(x;y) va N(x%y’) thi MN = (x"=x;y’—y) va khoang céch

gitra hai diém M, Nbang MN =[Nl = (x" = x)? + (v’ - y)*.
3. Tinh chat
Cho hai vecto U = (X; y) = (X y’) va cho sb thure k. Khi d6

—

u+\_}=(x+x’;y+y’);u—v:(x—x’;y—y’); ku:(Kx; ky):

4. Dau hiéu cung phuong cla hai vecto: Vecto G(x:y) cung phuong voi vecto
u(x".y’) = 0 khi va chi khi t&n tai s6 k sao cho x = kx’ va y = ky".
5. Cho hai diém A(a; a,), B(b,; b,). Khi dé trung diém M cua doan thang AB c6

toa do La1 ;bl;az ;sz_

6. Cho tam giac ABC vGi A(ay; a5), B(by: By), C(cy; €5 ). Khi d6 trong tam G cua

tam giac ABC c6 toa d6 [31 3 g’ 3G da ?32 ”2].

B-Vidu

Vidu 1. Trong méat phang toa d6 Oxy cho hai diém A(1; 2) va B(3; —4).
a) Tim toa dd trung diém M cha doan AB.

b) Tim toa d diém N sao cho NA = 2NB.

Giai
=1+3=2
a) Goi M(x; y) la trung diém cla AB. Khi d06 - 2 . Suyra M(2; -1).
2+(-4) 1
2
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b) Do NA =2NB nén OA - 20B = (1-2)ON =-ON, suy ra ON = 208 - OA.
Tir @6, do OA = (t 2), OB = (3;-4) nén ON = (5,-10). Vay N(5; —10).

Nhan xét
M6t cach khai quat, voi hai diém A(aq a,), B(b;; by) thi diém P thoa mén

PA = kPB (k 1) c6 toa do (a‘:‘ ff :321_ f’z]

Vi du 2. Trong mét phéng toa do Oxy cho ba diém A(2-1), B(1 4) va C(-2 3).
a) Chirng minh rang A, B, C la ba dinh ctia mét tam giac.

b) Tim toa d0 trong tam G cua tam giac ABC.

Giai

a) TU gia thiét suy ra AB = (-1 5), AC = (-4 4). Do :_% # .i_ nén cac vecto AB

va AC khong cing phuong. Suy ra A, B, Cla ba dinh clia mot tam giac.

e 281+(=2) 1
b) Goi G(x; y) la trong tam cua tam giac ABC. Khi d6 ¢ i .
) +4+3
h 3 '

1
S Gl—=: 2|
uy ra {3 J

Vi du 3. Trong mat phang toa d6 Oxy cho hai diém A, B thoa man OA = 2i — 3],
OB =3i + 2}.

a) Chirng minh rang O, A, B khéng thdng hang.

b) Tim toa d6 cla diém C sao cho t giac ABCO la hinh binh hanh.

c) Tim toa dd cua diém D thudc truc hoanh sao cho DA = DB.

Giai

a) Tir gia thiét suy ra OA = (2-3) va OB =(3; 2). Vi %x ‘_23. nén hai vecto OA

va OB khéng cung phuong, hay O, A, B khéng thang hang.
b) Tir gia thiét suy ra AB = (1 5). Gia st tim dwoc diém C sao cho t&r giac ABCO
la hinh binh hanh. Khi @ do OC = AB nén OC = (1. 5). Suyra C(1 5).

c) Xét diém D(d: 0)e Ox. Khi d6 DA = J(2—d)? + 9, DB = /(3 —d)? + 4.
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Suyra DA=DB < DA’ =DB? & (2-d)*+9=(3-d)’ +4 = d=0

Vay diém D can tim triing voi goc toa do O(0; 0).
Vi du 4. Trong mat phang toa 8 Oxy cho hai diém A(1 2) va B(3; —4). Tim toa
d6 clia diém C thudc truc tung sao cho vecto CA + CB c6 d6 dai ngén nhét.
Giai

Xét diém C(0; ¢)e Oy. Khi d6 CA = (t2-c) va CB = (3,-4 -c).

Do d6 CA + CB = (4-2 - 2c), suyra [CA + CB| = {16 + 4(1+ c)?.

Do (1+¢)? =0 Ve, dang thirc xay ra khi va chi khi ¢ = -1 nén |C751 + ﬁl > 4

dang thirc xay ra khi va chi khi ¢ = -1. Vay véi diém C(0:-1)e Oy thi vecto

CA + CB co6 d6 dai ngan nhat.

Nhan xét

— V6i méi diém C déu co CA + CB = 2CI, v6i | 1a trung diém AB. Suy ra vecto
CA+CB c6 d6 dai ngén nhét khi va chi khi vecto CI c6 d6 dai ngén nhét
Tl d6, do C thude truc tung, nén C la hinh chiéu vuéng géc clia [ trén truc tung.

— Khai quat, ta cd bai toan tim duwoc diém C thudc duong thang A sao cho
vecto aCA + BCB ¢ d6 dai ngan nhat, vai o, B 1a hai hang sé cho truéc.

C - Bai tap
4.22. Trong mat phéng toa dé Oxy cho ba diém M(4: 0), N(5: 2) va P(2 3). Tim

toa d6 cac dinh cla tam giac ABC, biét M, N, P theo thiy tw la trung diém céac
canh BC, CA, AB.

4.23. Trong mat phang toa d6 Oxy cho ba diém A(2;-1), B(t 4) va C(7. 0).

a) Tinh @6 dai cac doan thang AB, BC va CA. Tur d6 suy ra tam giac ABC la
mot tam giac vudng can.

b) Tim toa dé ctia diém D sao cho tir giac ABDC la mét hinh vuéng.
4.24. Trong mat phang toa do Oxy cho hai diém M(-2 1) va N(4; 5).

a) Tim toa d6 cua diém P thudc Ox sao cho PM = PN.

b) Tim toa d6 clia diém Q sao cho MQ = 2PN.

¢c) Tim toa @6 clia diém R thoa m&n RM +2RN =0. Tk désuyra P, Q, R
théng hang.
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4.25. Trong mét phang toa d6 Oxy cho hai diém M(-3; 2) va N(2; 7).
a) Tim toa do cta diém P thudc truc tung sao cho M, N, P thang hang.
b) Tim toa @6 clia diém Q ddi xtrng véi N qua Oy.
c) Tim toa d6 cua diém R ddi xirng véi M qua truc hoanh.
4.26. Trong mat phang toa dé Oxy cho hai diém C(1 6) va D(11, 2).
a) Tim ta?e dé cla diém E thudc truc tung sao cho vecto EC + ED c6 d6 dai
ngan nhat.
b) Tim toa @6 cla diém F thuéc truc hoanh sao cho [2FC + 3F0 dat gia tr
nhé nhét.
c) Tim tap hop cac diém M sao cho iMC + MDI =G0,
4.27. Trong méat phang toa dé Oxy cho ba diém A(% 2), B(3; 4) va C(2-1).
a) Chirng minh rang A, B, C la ba dinh cia mét tam giac. Tim toa dd trong tam
cla tam giac do.
b) Tim toa d6 tam / cla duwong trén ngoai tiép va triee tam H clia tam giac ABC.

4.28. Deé kéo duong day dién bang qua mét hd hinh chir nhat ABCD véi d6 dai
AB =200 m, AD = 180 m, ngudi ta du dinh lam 4 cét dién lién tiép cach déu,
cét thir nhat nam trén bo AB va cach dinh A khoang cach 20 m, cot thir tu
ndm trén b& CD va cach dinh C khoang cach 30 m. Tinh cac khoang céach tu
vi tri cac cét thir hai, thir ba dén cac bo AB, AD.

BAlI11 i

TICH VO HUONG CUA HAI VECTO

A - Kién thic can nhé

_

1. Go6c gilra hai vecto: Cho hai vecto uvav

khac vecto 0. Tt mot digm A nao do, vé B 4
AB = U, AC = v (H.4.12). Khi d6 sé do cla
goc BAC duoc goi la sé do cla goc githa = "
hai vecto v va v hay don gian la goéc gilra ’ -
hai vecto 4. v, ki hiéu (2, v). é

Hinh 4.12
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2. Tich v6 hudng clia hai vecto khac vecto-khéng v va v la mét s6, ki hiéu

u - v, dugc xac dinh boi cong thuc U-v= |E}| : |§| : cos(ﬂ, E).

Chuy
— Hai vecto khac vecto-khdng U vav co phwong vuéng goéc voi nhau khi va
chikhi u-v =0.

— Binh phuong vé hudng clia mét vecto bang binh phuong d6 dai cia vecto do:
a2 =l
3. Biéu thirc toa do cua tich vé huwdéng: Trong mat phang toa dé cho hai vecto
u=(xy) va v=(x"y"). Khi dé tich vé huéng cla hai vecto v, v dugc tinh
theo cong thirc - v = xx’ + yy".
Nhan xét. V6i vecto U = (x;y) va v = (x%y’), ta c6:

— Hai vecto v va v vuéng géc vai nhau khi va chi khi xx’+ yy’ = 0.

: — 3 =
— Binh phuong vé huéng cla vecto u la v = x? + y°.
u-v XX"+ yy’

— Néuu=0vav=0 thi cos(u, v) = = .
ol -Iv (T P

4. Tinh chat
\VGi ba vecto u, v, w bat ki va moi sé thyc k, ta co:
— Tinh chéat giaohoan: ¢-v=v -u.
— Tinh chét phan phéi @i voi phép cong vecto: u-(v+w) =u-v+u-w.

_ Tinh chét két hop d6i véi phép nhan voi sb: (ku) v = k(z-v) = u- (kv).

Nhan xét. Vi hai vecto v, v bét ki, ta co:

U +20-v+Vv
S S 2 5 = =2
U—V] =U -2ZU-v+V ;

B-Vidu
Vi du 1. Cho tam giac déu ABC tam O, c¢6 d6 dai cac canh bang 1.
a) Xac dinh goc gitra cac cip vecto AB va AC, AB va BC, OA va BC, OB va CB.
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b) Tinh tich v6 hudng cla céc cap vecto sau:
AB va AC, AB va BC, OA va OB, OA va BC, OB va CB.
Giai
a) Do tam giac ABC déu, nén CAB = ABC = BCA = 60°.
Suyra (AB; AC) = CAB = 60°.
Goi D la diém doi xing voi B qua CA (H.4.13). Khi d6 tr giac ABCD la mét
hinh thoi, do d6 AD = BC va BAD = 180° — ABC = 120°.
Suyra (AB:BC) = (AB; AD) = BAD = 120°.

Goi Mla trung diém cla BC va N la
trung diém clia OA, Pla diém ddi xing
voi M qua C. Khi d6é, do O |a tdm cua
tam giac déu ABC, nén A, N, O, M

thdng hang, AM L BC, MN = OA
va MP = BC.

Suy ra (OA:BC) = (MN:MP) = 90°.
Lay diém Q dbi xirng voi O qua M.
Khi do6 tr giac BOCQ la mét hinh
thoi, c6 OCQ = 60°.

Suy ra (0B;CB) = (CQ:CB) = BCQ = 30°. Hinh 4.13
b) Do AM L BC nén AM = JAB® - BM? = ‘412 _Gf =§
Do O la tam clia tam giac déu ABC, nén |04l = |oB| = A——gAM=§-l§-=%_§-
Suyra AB-AC = |AB|- AC‘| .cos(AB:AC) =1-1- cos60° = —
AB -BC =|AB|-|BC| - cos(AB:BC) = 1-1- cos120° = -%;
OA OB - 07108l .cos(6A:08) - 2. 3. cos 20 -
OA - BC = |0A| - |BC| - cos(0A;BC) = % 1-c0s90° =0
OB - CB = |0B|-[CB| - cos(0B:CB) = g 1-c0s30° = —
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Nhéan xét. Ta co thé xac dinh goc gitra hai vecto OB, CB nhu sau: L&y O' d6i

xtrng vai O qua B va C' doi xteng voi C qua B (H.4.14).

Khi d6, do BO’ = OB, BC' = CB, nén (OB;CB) = (BOBC’) = 0'BC’ = OBC = 30°,
0

o Hinh 4.14
Vi du 2. Cho nira dudng tron vai duong kinh AB = 2R. Goi M va N la hai diém
trén ntra dudng tron sao cho hai day cung AM va BN cat nhau tai mét diém /.

a) Chirng minh ring Al - AM = Al - AB.

b) Tinh Al - AM + Bl - BN theo R.

Giai

a) Do M thuéc nira duong tron voi dudng
kinh AB nén AMB = 90° (H.4.15a).
Suyra AM = AB - cosBAM. T do, déy
ring BAM = (Al:AB), ta cé Hinh 4.15a

Al - AM = |Al|-[aM| - cos (Al AM) = Al - AM = Al - AB - cos BAM = Al - AB.
b) Twong tw nhu phan a), ta ciing duoc B - BN = B - BA = -Bi - AB.
Suyra Al -AM +BI-BN = Al - AB — Bl - AB = AB - (Al - BI)
_AB.(Ai+1B) = AB” = 4R2.

—p

Nhan xét. Mot cach khai quat, ta ching minh duoc a-b=a- b, trong d6 b’ l1a

hinh chiéu vuéng goc clia vecto b trén gia clia vecto a (H.4.15b). K&t qua nay
duoc goi la dinh If chiéu.
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Vi du 3. Cho tam giac ABC can tai A, c6 A = 120°, AB = 3.

a) Tinh AB-AC, AB -CB, AC - CB.

b) Tinh @6 dai canh BC.

c) L&y diém M trén canh BC sao cho MB = 2MC. Tinh MA - MB.
Giai

a) Do tam giac ABC can tai A, A =120°, AB =3, nén

AB - AC =|4B| - |AC|- cos(AB:AC) = 3.3 cos120° = —%.

Theo quy tac ba diém ta c6 CB = AB— AC va do do:

AE -CEB = AB-(AB - AC) = AB" - AB - AC = 32 _[_QJZE.

E-EB;Acv(AB;-AC')=Ad-AS-ACZ=(-§]-32=-.2_7_

b) Theo quy téc ba diém, ta co BC = AC - AB. Tir d6
BC? =BG = (AC-AB) = AC" + AB" - 2AC - AB = 3 + 3° _z.[_g]m_
Suy ra BC = 3+/3.

¢) Goi /la trung d@ém clia BC (H.4.16). Do M thuéc canh BC va MB = 2MC, | 1a trung
didm clia BC, nén theo két qua ciia Vi du 2, Bai 9, ta co B = %cTa’, B = %55’_
Suy ra
Mi = MB + Bl = MB - IB

=[2_1J@:1@.
5 6

A

id
r

M 4

Tu g6, theo dinh li chiéu, ta duoc B
MA-VMB-M WB=.2.CB" -3 Hinh 4.16
6 3
Nhan xét

— Pé& tinh d6 dai clia mét doan thang XY, trudc hét ta bidu thi vecto XY theo
hai vecto khéng clng phuong a, b da biét, rdi tinh binh phuong vé huong
clia vecto XY.
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— Nhé vao két qua clia Vi du 2, Bai 9, ta chirng minh dugc MA = %(Eq’ +2CA).

Suy ra MA - MB = é(BA’ .CB + 2CA - CB) . B&i vay cling c6 thé tinh tich vé

huong MA - MB nho vao viéc tinh cac tich v6 hudng BA - CB va CA-CB.
Vi du 4. Trong mat phéng toa d6 Oxy cho hai diém A(t 3) va B(7; 1).
a) Tinh chu vi ctua tam giac OAB.
b) Chirhg minh rang OA vudng goc véi AB. Tinh dién tich cua tam gidc OAB.
c) Goi Mla trung diém clia AB. Tinh s6 do géc BOM.
Giai
a)Do A(13) va B(7:1) suyra

OA = {2 +32 = J10: 0B = {72 + 12 = /50" AB = (7 -4 + (1-3)2 =440,

Suy ra chu vi clia tam giac OAB béng
OA + AB + OB = 10 + 50 + 40 = 542 + 310.

b) Theo két qua clia phan a), ta c6 OA? + AB? =10 + 40 = 50 = OB?. Tur d6,
theo dinh li Pythagore tam giac OAB vudng tai A, hay OA L AB.

Suy ra dién tich tam giac OAB bang S5 = -;- -OA- AB =10 (d.v.d.1).

c) Do Ma trung diém ctia AB nén M(4: 2). Suy ra OM = +/42 + 22 = \J20 va do d6
OB-OM 7-4+1.2 '3

oB|.[oM| 50 -¥20 <10

Suy ra 0° < (OB:OM) < 90° va do do BOM = (OB:OM) ~ 18°26'6".

cos(OB:OM) =

Nhén xét. Ta c6 thé chirng minh dugc OA vudng goc v6i AB nhé vao tich v
huéng, ma khéng can phai tinh d6 dai clia cac doan thang nhu sau:

Tir gia thiét suy ra OA = (1 3), AB = (6; —2).
Suyra OA-AB=1.6+3-(-2)=0.
Tir @0, do céac vecto OA AB déu khac O, suyra OA L AB.

Mot cach khai quat, @ chirng minh hai dwong thang MN va PQ vuéng goc Vo
nhau, ta chirtng minh MN -PQ = 0.
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C-Baitap

4.29. Cho tam giac déu ABC c6 d6 dai cac canh bang 1.
a) Goi M 1a trung diém ctia BC. Tinh tich vé hudng clia cac cdp vecto MA va
BA, MA va AC.
b) Goi N la diém ddi xtrng v&i B qua C. Tinh tich vé huéng AM - AN .
c) Lay diém P thuéc doan AN sao cho AP = 3PN. Héy biéu thi cac vecto
AP, MP theo hai vecto AB va AC. Tinh doé dai doan MP.

4.30. Cho hinh chir nhat ABCDcé AB =1 BC = 2. Goi Mlatrung diém clia AD.
a) Chirng minh rang cac dudng thang AC va BM vuéng goc véi nhau.
b) Goi H la giao diém clia AC, BM. Goi N |a trung diém ctia AH va P |a trung diém
clia CD. Ching minh rang tam giac NBP la mét tam giac vuéng.

4.31. Cho tam giac ABC co A < 90°. Dung ra phia ngoai tam giac hai tam giac
vuéng can dinh A |la ABD va ACE. Goi M, N, P theo th( tw la trung diém BC,
BD, CE. Ching minh rang:

a) AM vudng goc voi DE;
b) BE vuéng gbc vaéi CD;
c) Tam giac MNP la mét tam giac vuéng can.

4.32. Cho hai vecto a va b thoa man |a| = 6,|B| = 8 va la + b| = 10.
a) Tinh tich vé huéng a-(a + b).
b) Tinh s6 do clia gbc gitra hai vecto a va a + b.

4.33. Cho tam giac ABC khéng can. Goi D, E, F theo thtr ty |a chan cac duong
caoké tir A, B, C; goi M, N, P twong (rng la trung diém céc canh BC, CA, AB.
Chtrng minh rang

MD-BC +NE-CA+PF-AB =0.

4.34. Trong méat phang toa dé Oxy cho hai diém A(2; 1) va B(4; 3).

a) Tim toa d6 clia diém C thudc truc hoanh sao cho tam giac ABC vuéng tai A.
Tinh chu vi va dién tich cua tam giac ABC.

b) Tim toa d clia diém D sao cho tam giac ABD vudng can tai A.
4.35. Trong mat phang toa dd Oxy cho hai diém A(1; 4) va C(9; 2) |a hai dinh cla

hinh vuéng ABCD. Tim toa d6 cac dinh B, D, biét rdng tung dé clia B 1a mét
s6 am.
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4.36. Trong mét phang toa d6 Oxy cho hai diém A(1; 1) va B(7; 5).
a) Tim toa dd cla diém C thudc truc hoanh sao cho C cach déu A va B.

b) Tim toa dé clia diém D thudc truc tung sao cho vecto DA + DB c6 d6 dai
ngan nhat.
4.37. Trong mat phang toa dé Oxy cho ba diém A(=3; 2), B(1; 5) va C(3; -1).

a) Chirng minh rang A, B, C la ba dinh cia mét tam giac. Tim toa dd trong tam
G cla tam giac ay.

b) Tim toa d¢ tryc tam H cua tam giac ABC.
c) Goi / la tam dudng tron ngoai tiép tam giac ABC. Tim toa dé cua /.

4.38. Cho ba diém M, N, P. Néu mét luc F khéng d6i tac déng 1én mot chét diém

trong sudt qua trinh chuyén déng clia chat diém, thi cac céng sinh bdi luc F
trong hai truong hop sau cé moi quan hé gi vai nhau?

a) Chat diém chuyén déng theo dudng gap khtc tie M dén N rdi tiep tuc tr N
dén P.

b) Chét diém chuyén déng thang ttr M dén P.

BAI TAP CUOI CHUONG IV

A - Trac nghiém

4.39. Cho hinh binh hanh ABCD tam O. Xét cac vecto co hai diém mut |4y tir cac
diém A, B, C, D va 0. S cac vecto khac vecto - khéng va cung phuong véi

AC |a
A 6 B.3.
G4 D 2

4.40. Cho doan thang AC va B la mét diém nam gilra A, C. Trong cac khang dinh
sau, khang dinh nao la mét khang dinh dung?

A. Hai vecto AB va CB cung huéng.
B. Hai vecto CA va BC cling huéng.
C. Hai vecto AB va AC ciing hudng.

D. Hai vecto AC va BA cung huong.

66



4.41. Cho hinh binh hanh ABCD tam O. Goi K, L, M, N twong tng la trung diém
cac canh AB, BC, CD, DA. Trong cac vecto co dau mut lay tie cac diém A, B,

C,D, K, L, M, O, c6 bao nhiéu vecto bang vecto AK ?
A 2. B. 6.
c.4 D. 8.

4.42. Cho hinh thoi ABCD c6 d6 dai cac canh bang 1 va DAB = 120°. Khéng
dinh nao sau day la dung?

A. AB = CD. B. BD = AC.

c. |0 = 1. D. |ad| =1.

4.43. Cho tam giac ABC déu, trong tam G, c6 d6 dai cac canh bang 3. D6 dai cla
vecto AG bang

A. 3. B. —3‘/—3_-.
2
C. % D2

4.44. Cho tam giac ABC vuong tai A va AB = 3, AC = 4. B§ dai cua vecto
CB + AB bang

R od¥a B. 2,/13.

C. 4 L. 2

4.45. Cho tam gidc ABC c6 AB = 2, BC = 4 va ABC = 60°. D6 dai clia vecto
AC - BA bang

A3 B. J19.
C. 4 D. g.

4.46. Cho tam giac ABC va diém [ sao cho IB+2C =0 Khang dinh nao sau
day la mét khang dinh dung?

A. Al = 2AC - AB. B. Al = AB - 2AC.
C.EJ*IAB—:AC. D.—J;IAB+32AC.
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4.47. Goi G la trong tam clia tam giac ABC va M |a trung diém canh BC. Khang
dinh nao sau day la mét khéng dinh dung?

A. GA = 2GM. B. AB + AC = 3AG.
C. AM = 3MG. D. 3GA = 2AM.

4.48. Trong mé&t phang toa d6 Oxy cho ba diém A(-3;1), B(2-1), C(4 6).
Trong tdm G cua tam giac ABC co toa dé la
A (1; 2). B: (2; 1)
C. (1; =2). D. (-2; 1).
4.49. Trong mat phang toa & Oxy cho ba diém A(-3: 3), B(5: —2) va G(2; 2).
Toa do clia diém Csaocho Gla trong tam tam giac ABC la
A (5 4). B. (4, 5).
C. (4;3). D. (3; 8]

4.50. Cho hinh vuéng ABCD voi 6 dai canh béing a. Tich vo huéng AB - AC béng
2

a
A. a%2. B
J2
2
C. a2 gt
2

4.51. Cho hai vecto a, b cung khac 0. Khi @6 a-b = |5| - |B| twong duong voi
A avab cung phuong. B.avab nguec hwéng.
C. a va b clng huéng. D.alb.
4.52. Cho hai vecto a, b cung khéc 0. Khi d6 a- b = |3l - |B| twong durong voi
A. a va b clng phuong. B. a va b nguoc huéng.
C. a va b cuing huéng. D.aLlb.
4.53. Cho tam giac ABC co AB = 1, BC = 2 va ABC =60°. Tich vé huong
BC - CA béng
A 3. B. —/3.
C.3. D. -3.
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4.54. Trong mét phang toa dd Oxy cho ba diém A(2; 1), B(=1; 5) va C(3m; 2m =1).
Tat ca cac gia trj clia tham s6 m sao cho AB L OC la
A.m=-2 B. m=2
C. m=32. . m=3,

4.55. Cho tam giac ABC vuéng tai A véi AB = 1, AC = 2. Lay M, N, Ptuwong ting
thudc cac canh BC, CA, AB sao cho 2BM = MC, CN = 2NA, AP = 2PB. Gia 1

clia tich vé hudng AM - NP bing

Ave B, =1
3 2
C. 0. 2. 1.,

4.56. Cho tam giac ABC déu cac canh co do dai bang 1. Lay M, N, P lan luot
thuéc cac canh BC, CA, AB sao cho BM = 2MC, CN = 2NA va AM L NP.

= ¥4 - AP -
Ti1 s6 cua — ban
AB "I

x5 o L
j 12

¢ s 0 1
7 )

4.57. Cho tam giac ABC déu co d6 dai cac canh bang 3a. Lay diém M thudc
canh BC sao cho MB = 2MC. Tich v6 hudng clia hai vecto MA va MC bang

2 2
A. % B. -%.
c. a8~ B L%

4.58. Cho tam giac ABC. Tap hop cac diém M thoa man |MC — MB| =|MC - AC] 13
A. duong tron tam A ban kinh BC.
B. dwdng thang di qua A va song song vdi BC.
C. dudng tron duwdng kinh BC.
D. dudng thang di qua A va vuéng goc vai BC.

B-Tu luan

4.59. Cho hinh binh hanh ABCD tam O. Goi M, N theo thu tw la trung diém clia

BC, AD. Goi I, J Ian luot 1a giao diém cla BD véi AM, CN. Xét cac vecto khac 0,
cé dau mut lay tr cac diem A, B, C, D, M, N, I, J, O.
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a) Hay chi ra nhitng vecto bang vecto AB; nhithg vecto ciing huéng véi AB.
b) Chirng minh rang B/ =/J = JD.

4.60. Trén canh BC cla tam giac ABC lay cac diém M,N, khéng tring véi B va C
sao cho BM =MN =NC.
a) Chirng minh rang hai tam giac ABC va AMN cé cung trong tam.
b) Goi G la trong tam clia tam giac ABC. Dat GB=u va GC =v. Hay biéu thi
cac vecto sau qua hai vecto v va v: GA GM, GN.

4.61. Cho tam giac ABCco AB=4, AC=3va CAB =60° .
a) Tinh tich vé huong AB- AC, AB- BC.

b) LAy cac diém M, N thod man 2AM +3MC =0 va NB+xNC=0 (x#-1).
Xac dinh x sao cho AN vuéng goc voi BM.

4.62. Cho hinh binh hanh ABCD. Goi M, N theo thir tr 1 trung diém cac canh AB,
CD. Lay P thuéc doan DM va Q thudc doan BN sao cho DP = 2PM, BQ = xQN.

P&t AB=uva AD=v.
a) Hay biéu thj cac vecto AP, AQ qua hai vecto u va v.
b) Tim x dé A, P, Q théng hang.

4.63. Cho tam giac ABC v&i trong tam G. Lay diém A' B' sao cho AA" = 2BC,
BB' = 2CA. Goi G'la trong tam cla tam giac A'B'C. Chirng minh rang GG'
song song véi AB.

4.64. Cho tur giac Ic’j[ ABCD, khong cd hai canh nao song song. Goi E, F theo
thir tw la trung diem AB, CD. Gai K, L, M, N lan luot la trung diém cla AF,
CE, BFf, DE.

a) Chirng minh réng tir giac KLMN 1a mét hinh binh hanh.

b) Gai / la giao diém cla KM, LN. Chirng minh rang E, I, Fthang hang.

4.65. Cho hinh thang vuéng ABCD cé DAB = ABC =90°, BC = 1, AB = 2 va
AD = 3. Goi Mla trung diém cla AB.
a) Hay biéu thij cac vecto CM, CD theo hai vecto AB va AD.

b) Goi N la trung diém CD, G la trong tam tam giac MCD, va | la diém thudc
canh CD sao cho 9IC = 5ID. Chitng minh rang A, G, | thang hang.

c) Tinh d6 dai cac doan thang Al va Bl.
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4.66. Cho bon diém A, B, C, D trong méat phang. Chirng minh rang
AB.CD +BC-AD+CA-BD=0.

4.67. Trong mét phang toa d6 Oxy cho ba vecto a = (1 2), b = (3; -4), ¢ = (-5; 3).

=3

a) Tinh cactich vé hueng a-b, b-c, ¢ - a.
b) Tim goc gitra hai vecto a va b +c.

4.68. Trong méat phang toa dé Oxy cho ba diém A(-2: 1), B(1; 4) va C(5; -2).

a) Chirng minh rang A, B, C la ba dinh clia mét tam giac. Tim toa dé trong tam
G cua tam giac ABC.

b) Tim toa dé tryc tam H va tam dwéng tron ngoai tiép / cla tam giac ABC.
4.69. Trong mat phang toa d6 Oxy cho ba diém A(2; —1), B(5; 3) va C(-2; 9).

a) Tim diém D thuéc truc hoanh sao cho B, C, D thang hang.

b) Tim diém E thudc truc hoanh sao cho EA + EB nho nhat.

c) Tim diém Fthudc truc tung sao cho vecto FA + FB + FC cb d6 dai ngén nhét.

4.70. Mét 6 t6 c6 khdi lvong 2,5 tan chay tir chan 1&én dinh mét con dbc thang.
Tinh céng cla trong luc tac déng Ién xe, biét déc dai 50 m va nghiéng 15°
so v&i phuong ndm ngang (trong tinh toan, lay gia toc trong trwéng bang

2
10 m/s”™).
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CH UONG V

CACSO PAC TRUNG CUA MAU SO LIEU
KHONG GHEP NHOM

«. BAI12 _
SO GAN PUNG VA SAI SO

A - Kién thic can nhé

— Trong nhiéu truéng hop, ta khéng biét hoac kho biét sé dung (ki hiéu 1a 3 )
ma chi tim duoc gia trj khac xap xi nd. Gia tri nay duoc goi la sé gan dung,
Ki hiéu la a.

— Gia tri A, =|a - a| phan anh mtrc dg sai Iéch gitta so dling 3 va so gan dlng
a, dwoc goi la sai sé tuyét doi clia s6 gan dung a.

—~ Néu A, <dthia-d<a<a+d, khidotaviét @ = a+ d va hiéu la s6 dung
a nam trong doan [a —d; a+ d]. Do d cang nho thi a cang gan @ nén d
dwQc goi la doé chinh xac cia s6 gan diing.

— Sai sé twong doi cla s6 gan dung a, Ki hiéu la §,, 1a ti s6 gitta sai s
tuyét déi va |a|, trcla 3, = o)

— S6 thu dugc sau khi thuc hién quy tac 1am tron sé dugc goi la sé quy tron.
S6 quy tron la mét s6 gan dung clia so ban dau.

— Cho s6 gan dung a v6i d6 chinh xac d. Khi duoc yéu cau lam tron s6 a ma
khéng ndi ré lam tron dén hang nao thi ta lam tron s6 a dén hang thap nhat
ma d nhé hon 1 don vi clia hang do.

B-Vidu

Vi du 1. Binh thirc hién thi nghiém va xac dinh duoc khi lrong riéng clia nwéc
tinh khiét & 4 °C la 999,985 kglma.

a) Day la sé dung hay sb gan dung?

b) Gia str s6 dung cho khéi luong riéng clia nudc tinh khiét & 4 °C la 1 000 kg/m”.
Hay tinh sai sé tuyét déi.

c) Lam trén 999,985 kg/m® dén hang phén tram, tir d6 xac dinh sé quy tron.
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Giai

a) Gia tri 999,985 kg/m” la s& gan dung cho khéi ltong riéng clia nwdc tinh khiét
a4 °C

b) S6 dungla @ = 1000 kg/m>, sb gan ding la a = 999,985 kg/m>. Do d6 sai s6
tuyét doi la |a —a| = 1 000 — 999,985 = 0,015.

c) Chir s6 & hang phan nghin la 5 nén ta tang chit s6 & hang phan tram Ién
1 don vi, tir d6 suy ra sé quy tron la 999,99 kg!ms'.

Vi du 2. Cho két qua hai phép do nhu sau:

(1) Bo van téc trung binh clia mét chiéc xe 6 t6 chay trén dwong cao toc cho
két qué la 100 + 5 km/h.

(2) Po van t6c trung binh ctia mét ngudi di bd cho két quala 5+ 0,5 km/.
a) Danh gia sai so twong doi ciia méi phép do.
b) Dwa vao sai sé twong doi, phép do nao chinh xac hon?
Giai

a) D6i voi phép o (1), ta co a = 100, d = 5 nén sai s6 twong ddi a &, < % - 5%,

Déi véi phép do (2), ta cd a= 5, d= 0,5 nén sai s6 tuong déila &, < % = 10%.

b) Dwa vao danh giéa sai s6 twong déi & cau a, co thé két luan phép do (1)
chinh xac hon phep do (2).

C - Bai tap

5.1. Héay xac dinh s6 dung, s6 gan dung trong cac tredng hop sau:

a) Két qua 2 1an do chiéu cao dinh Phan-Xi-Pang nhu sau:

— Két qua do cla ngudi Phap ndm 1909 1a 3 143 m;

— Két qua do clia Cuc Do dac, Ban dé va Théng tin dja li Viét Nam ngay

26-6-20191a 3 147,3 m.
(Theo Théng tan xa Viét Nam)

b) Hai gia tri thé hién chu vi clia hinh tron trung tam sén béng da 11 ngudi véi
ban kinh 9,15 m la: 18,3n m va 57,462 m.

5.2. Dung thuéc do cd @6 chia nho nhét 1 em dé do chiéu cao clia mét hoc sinh
duoc gia tri la 163 cm. Panh gia sai so tuyét doi va sai so twong doi clia phép
do nay.
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5.3. Bietelamotsdvotiva 27182 < e< 2,7183. Lay e = 2,71828.
a) Xac dinh sé dung, sb gan dung.
b) Panh gia sai s6 tuyét déi va sai sb turong ddi clia phép xap xi nay.

5.4. Sir dung may tinh cam tay tim s gan dung (lam trén dén hang phan nghin)
cho céac so sau:

a) 1+ 24/3:; b) 4 —1.

5.5. Thuc hién |am trén so:
a) 23 167 dén hang tram:
b) 18,062 dén hang phan tram.

5.6. Thyc hién |am tron céc so gan dung sau:
a) Phép do hiéu dién thé véi két quala 120 + 7.5 V:

b) Phép do gia téc trong truong voi két qua la 9,78 + 0,20 m/s”.

«. BAIT3
CAC SO PAC TRUNG PO XU THE TRUNG TAM

A - Kién thic can nhé

— Céc sb dac trung do xu thé trung tam |a cac sé cho ta biét thong tin vé vi tri
trung tdm clia mau so liéu.
— 86 trung binh clia mau s6 liéu X, X,.....X, . ki hiéu la X duoc tinh bang céng
" - Xq+ Xo+...+ X
thire: X = 1—=2 o
n

+ Trong truong hop méu sé liéu cho duéi dang bang tan sé thi s6 trung binh
dugc tinh theo cong thirc:

Y: !771X1 + mQXE o IPRORE, mkxk
n k]

trong @6 m, latan sé clia gidtri X, va n=m,+ my +...+ m,.

+ Y nghta: S0 trung binh |a gia trj trung binh céng clia cac sé trong mau so liéu,
né cho biét vi tri frung tdm clia mau s6 liéu va co thé dung dé dai dién cho
mau so liéu.
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— Trung vj (ki hiéu la Me) la gia fri chia d6i mau so liéu, nghia la trong day s liéu
dugc sap xép theo thir tir téng dan thi trung vi & vj tri chinh gia.
+ P& tim trung vi clia mét mau so liéu, ta thue hién nhu sau:
» Sap xép cac gia tri trong mau s6 liéu theo thir tw khéng giam.
» Néu sb gia tri cia mau so liéu la soé Ié thi gia tri chinh gilra clia déy la
trung vi, con néu la sd chan thi trung vi la trung binh céng cla hai gia tri
chinh gitra cua day.

+ Y nghfa: Trung vi khéng bi anh huéng béi gia tri bat thwong trong khi s6
trung binh bi anh hudng bai gia tri bat thuwong.
— Cac diém Q4, @2, Qs chia day dir liéu da sap xép theo thir tw khéng giam
thanh bon phan, méi phan déu chira 25% gia trj dwoc goi la cac t phan vi.
— Pé tim céac ttr phan vi cia mau sé liéu co n gia tri, ta lam nhu sau:
+ S&p xép mau s6 liéu theo thar twr khéng giam.
+ Tim trung vi. Gia tr| nay la Q».
+ Tim frung vi clia nira sé liéu bén trai Qz (khéng bao gom Qz néu n 1é). Gia tri
nay la Q1.
+ Tim trung vi clia ntra s6 liéu bén phéi Qs (khéng bao gém Q- néu n 18). Gia tri
hay la Q.
Q1 Awgc goi la tr phan vi thie nhat hay t& phan vi duéi, Qs duoc goi la t phan
vi thir ba hay t&r phan vj trén, Q2 chinh la trung vi.
— Mot clia mau so liéu la gia tri hodc nhitng gia tri xuat hién véi tan s6 Ién nhat.
Nguéi ta thudng dung mot dé do xu the trung tam clia mau s6 liéu khi mau so
lieu co nhiéu gia tri trung nhau. Mét co thé khong la duy nhéat.

B-Vidu

Vi du 1. Theo bao céo cua WTTC (World Travel and Tourism Council), murc tang
dong gop cua nganh du lich cho GDP nam 2021 so véi nam 2020 tai mét s6 khu
vure (don vi: %) nhu sau:

-42 -58 -41 52 B0 -H6 -37 -B3 -45 -H4.
a) Tinh s6 trung binh, trung vi clia day so liéu trén.
b) Giai thich y nghia cac gia tri thu duoc.
Gial
42 4 (-58)+ ...+ (-54)

a) C& mau n = 10. Sé trung binh la: X = 10 = —48,8.
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Sap xép cac gia trj trén theo thir tw khéng giam:
-68 -56 -H54 -63 -52 -60 -45 42 -41 -37.
Vi n = 10 la s6 chan nén trung vi la trung binh céng cua hai gia tri & cac vj tri
thtr 5 va thu 6;
- =62 +(-50)
2

b) Vé trung binh, mirc déng gép clia nganh du lich cho GDP nam 2021 giam

khoang 48,8% so véi mirec déng gép cua nganh du lich cho GDP nam 2020.

Trung vi Me = -51% ttrc la co 50% s6 khu vue (5 khu vire) co mire giam dudi
51% va c6 50% s6 khu vire (5 khu vure) ¢ mire giam trén 51%.

Me =-91.

Vi du 2. Tinh cac t& phén vi cho di¥ liéu vé dién tich dat (don vi: kmz) cua 266
qudc gia va ving lanh thoé cho sé liéu nhu sau:

Q, =20 5741, Q, =194 690, Q; =1249 825
(Theo World Bank)
a) C6 bao nhiéu qudc gia, vung lanh thd co dién tich dét Ién hon 194 690 km*?
b) Dién tich dat clia Viét Nam khoang 310 070 km* c6 thuée nhom 25% quéc gia
va vung lanh thé co dién tich dat Ion nhat khong?
Giai
a) Vi Q, =194 690 nén co 133 s0 quoc gia, vung lanh tho (50%) cé dién tich dat
I6n hon 194 690 km®.
b) Do dién tich dat cua Viét Nam nhd hon Q; = 1249 825 nén Viét Nam khéng
thudc nhém 25% québc gia va ving lanh thé co dién tich dat 1én nhét.

C - Bai tap
5.7. Pé wdc luong xem trung binh can thuc hién bao nhiéu lan gieo xuc xac de
xuat hién mét 6 cham, mét nhém hoc sinh da gieo xuc xac va dém so lan thuc
hién cho dén khi xuat hién mat 6 cham cho két qua nhu sau:
8§ &8 ¥ 108 4 & ¥ & £ &6 4 85 & & & b & 2

Tinh s6 lan gieo trung binh dé xuat hién méat 6 cham.

5.8. Tai mét 16p hoc chirng chi Tin hoc, néu mirc d6 hoan thanh trung binh 5 bai
kiém tra ctia hoc vién I6n hon hodc bang 85% thi hoc vién sé dugc giam 30%
hoc phi. An d4 |am 4 bai kiém tra véi két qua la 94%, 82%, 78%, 80%. Hoi bai
cubi cling An can dat duoc it nhat bao nhiéu phéan tram dé dwoc giam 30%
hoc phi?
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5.9. Tong s6 ca mac Covid-19 tinh dén ngay 26-8-2021 tai Thanh phé H6 Chi Minh
va mot so tinh 1an can dugc thdng ké nhu sau:

190174 81182 19728 19048 8 155
4544 3760 3297 2541 2 000

6 103
1934

5 807

1602 1195.
(Theo B Y té)

a) Tinh sé trung binh va trung vi cho déy s6 liéu trén.

b) Giai thich tai sao s0 trung binh va trung vi lai khac nhau nhiéu?

5.10. Lan thdng ké s anh, chi, em rudt clia cac ban trong 16p thu duoc bang sé
liéu sau:

S6 anh, chi, em ruét 0 1 2 3
Sé ban 4 25

Xac dinh mét cho mau sé liéu trén va giai thich ¥ nghia.

5.11. Théng ké GDP nam 2020 (don vi: ti d6 la My) cua 10 nudc tai khu vire
Poéng Nam A dugc két qua nhw sau:

Brunei Campuchia Indonesia Lao Malaysia

12,02 25,95 1 059,64 19,08 338,28
Myanmar Philippines Singapore Thai Lan Viét Nam

81,26 362,24 339,96 501,89 340,82

(Theo statista.com)
a) Tim céac t& phan vi cho day sé liéu trén.

b) {Siéi thich y nghta cla cac tw phan vi nay. Viet Nam co thuoc nhom 25%
quoc gia ¢6 GDP nam 2020 cao nhat trong khu vuc Péng Nam A khoéng?

5.12. Dién tich clia cac tinh dong bang séng Ctru Long nam 2022 (don vi:
nghin kmz) la:
1,44 3,54 2,67 2,39 449 5,29 331
1,62 2,36 3,38 1,93 6,35 2.9
a) Tinh sé trung binh, trung vi cho day sé liéu trén.
b) Giai thich ¥ nghta clia méi sé thu duoc & cau a.
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.. BRITE o
CAC SO PAC TRUNG PO PO PHAN TAN

A - Kién thic can nhé

Cac sb ddc trung do dd phan tan la cac sb cho ta biét thong tin vé sy bién
dong méau s liéu. Cac sb nay cang léon thi s liéu bién ddng cang nhiéu hay
cang phan tan.

Khoang bién thién, ki hiéu la R, 1a hiéu so gilra gia tri I&n nhat va gia tri nho
nhat trong méau soé liéu.

Khoang tir phén vi, ki hiéu la A, |a hiéu so t&r phan vi thir ba va tr phan vi
thir nhat tirc 1a: Ag = Qs — Q4. Khoang tr phan vi do d6 phan tan ctia 50%
sO liéu & gilra clia day so lieu da duoc sap Xep.

V6i day s6 liéu X4, Xa, ..., Xn, NEU goi s6 trung binh 1a x thi phwong saila gia tri

§°=="(x;, = X)".
n i

Can bac hai cua phuong sai, s = 1./3_2 duwgc goi la do léch chuan.

Trong méau sb liéu co khi gap nhirng gia tri qua Ié*n‘ hodc qua npé SO VOI
da s6 cac gia tn khac, chung dugc goi la cac gia tri bat thuwdng. D€ xac dinh
gia tri bat thuong ta str dung quy tdc sau: cac gia tri I6n hon Qz + 1,5 - Ag
hodc bé hon Q- 1,5 - Ag, trong @6 Aq la khoang t& phan vi, duoc xem la
gié tri bat thudng.

B-Vidu

Vi du 1. Nhiét dé trung binh (don vi. °C) cac thang trong nam tai Ha N&i va
Thanh phé Ho Chi Minh duoc cho trong bang sau:

Thang 1 213 |4 |D|6 |7 &9 |11 |12

Ha Noi 16,4117,0/20,2(23,7|27,3|28,8|28,9|28,2(27,2|24,6|21,4|18,2

Thanh phé
Hb Chi Minh

25,8126,7|27,9|28,9(28,3|27,5(27,1|27,1|26,8|26,7|26,4 25,7
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a) Tinh khoang bién thién, khoang tir phan vj va d6 |éch chuan cho méi ddy sob
lieu trén.

b) Cé nhan xét gi vé su bién ddng clia nhiét dd trung binh cac thang trong nadm
tai hai thanh phé nay?

Giai
a) Voi day so liéu vé nhiét do trung binh cac thang tai Ha Noi:
Gia 1 nho nhat la 16 4.
Gié tri 16n nhét 1& 28 9.
Khoang bién thién la; R= 28,9 — 16,4 = 12,5.
Day sé liéu sép xép theo thir tw khéng gidm:
164: 140 182 202 214 237 246 2712 2i3 282 288 289
Trung vila Q2= (23,7 +246): 2= 2415.
Nira di liéu bén trai Qs la:
164 10 18,2 F20FE 4l
Do d6, Q1=(182+202):2= 192
Nira dit liéu bén phai Qs la:
246 212 203 V282 288 2809.
Do do, Q3= (27,3 +28,2):2= 2775
Khoang ttr phan vj cho mau so liéu la: Ag= Q3 — Q4= 27,75 - 19,2 = 8,55.
— 16,44+17,0+...4+18,2

S6 trung binh clia méau so liéu la: x = = = 23,49.
D6 Iéch chuan:
2 2
16,4 — 23,4 v+ (18,2 - 23,4
31=J( 6,4 — 23,49) +12+( 82-2349) .,

Lam tuong tu voi day sb liéu vé nhiét @ trung binh cho céc thang tai Thanh phé
HG& Chi Minh ta co:

Khoang bién thién: R = 3,2,
Khoang tr phan vi la: Aq = 27,7 — 26,55 = 1,15.
D6 léch chuan s> = 0,91.

b) Khoang bién thién, khoang tr phan vj, dd Iéch chuan cla day soé liéu vé nhiét
d6 trung binh cac thang tai Thanh phd H6 Chi Minh déu nho hon cac sé dac
trung nay tai Ha N&i nén ta khang dinh rang nhiét dé trung binh céc thang &
Thanh phd Ho Chi Minh it bién déng hon.
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Vi duy 2. Piém thi mén Toan cla cac ban trong I16p duwgc cho trong bang sau:

Piem

0

5

6

¥

10

Tan sb

1

10

20

10

1

Tim khoang bién thién clia mau so liéu trén. Co nén dung dai lwong nay dé do do
phan tan cia mau so liéu trén khéng?

Giai
Piém thi thap nhat la 0, cao nhat 1a 10. Do do, khoang bién thién la 10 — 0 = 10.

Hau hét cac ban trong 16p cé diém 5, 6, 7 vi vay dung khoang bién thién dé do
d6 phan tan cla déy so liéu nay sé khéng hop Ii.

C - Bai tap

5.13. Cho hai biéu do cham diém biéu dién hai mau sé liéu A, B nhu sau:
A B

=1 &8
b9 ® 9
Wt e e ee
ht-soe e

(¥, B SR )
N+ B P
PN NN N

- - &

N+ ddadda

ntes
Y

-

;
trong 6, méi cham biéu dién mat gia trj trong mau so liéu.
Khéng tinh, hdy cho biét:
a) P6 |éch chuan ciia mau s6 liéu nao Ién hon.
b) Khoang bién thién clia hai mau sé liéu cé nhw hhau khéng.

5.14. Cho hai déy s6 liéu sau:
A 4 ) £ 9 10;
B: 9 10 12 14 15.
Khéng tinh, hay cho biét;
a) Khoéng bién thién clia hai déy c6 nhu nhau khéng.
b) B6 léch chuan cla hai day cé nhu nhau khéng.
5.15. Biém sb cua hai van déng vién ban cung trong 10 1an ban th(r & chuan bi
cho Olympic Tokyo 2020 ducgc ghi lai nhu sau:
Van aong vien A: 10 9 8 10 9 9 9 10 9 8.
Van dong vien B: 5 10 10 10 10 7 9 10 10 10.
a) Tim khoang bién thién va dé Iéch chuan clia méi day sé liéu trén.
b) VVan déng vién nao cé thanh tich ban thir én dinh hon?
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5.16. Trong cac day s liéu sau, day nao co dé léch chuan I&n nhat?
(a) 98 99 100 101 102
(b) 2 4 6 8 10.
c) 2 10.
5.17. Mau s liéu sau la chiéu cao (don vj: cm) clia cac ban frong té cla Lan:
165 168 157 162 165 1656 179 148 170 167.
a) Tinh khoang tr ph&n vi clia mau sé liéu trén.

b) Khoang tr phan vi ¢6 bi anh hudng bdi chiéu cao clia ban cao nhéat, ban
thap nhat khéng?

5.18. Binh dung déng ho do théi gian dé mét vat roi tw do (don vi: giay) tr vi tri A
den vi tri B trong 10 lan cho két qua nhu sau:

0398 0,399 0,408 0,410 0406 0,405 0,402 0,401 0,290 0,402.

Binh nght la gia tri 0,290 & lan do thtr 9 khéng chinh xac. Hay kiém tra nghi
ngd cua Binh.

BAI TAP CUOI CHUONG V

A - Trac nghiém
5.19. S6 quy tron clia so gan dung 167,23 + 0,07 1a
A. 167,23 B. 167.2. C. 167.3. D. 167.
5.20. Biét do am khong khi tai Ha Noi la 51% + 2%. Khi do
A. Sai s6 tuyét dbi & = 2%. B. Sai s6 tuyét d6i & = 1%.
C. B chinh xac d = 2%. D. B4 chinh xac d = 1%.

5.21. M6t hoc sinh thue hanh do chiéu cao ctia mét toa théap cho két qua la 200 m.
Biét chiéu cao thuc clia toa thap 1a 201 m, sai s twong doi la

A.0.5%. B. 1%. C. 2%. D. 4%.
5.22. Biém thi hoc ki mén Toan ciia mét nhém ban nhu sau:
8 9 7y 10 T 5 7 8.
M6t cia mau so liéu trén 1a
A5 B.7. C 8 D. 9.
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5.23. Trung Vi ctia mau so liéu trong Bai 5.22 1a

A. 6. B
C: 7.9 D. 8.
5.24. B6 sung thém sd 9 vao mau sé liéu trong Bai 5.22 thi trung vi clia méau sb6
lieu maila
A. 6. B. 7.
C. 7.5 8.

5.25. Cho mau s0 liéu sau:
156 158 160 162 164.
Néu bd sung hai gia tri 154, 167 vao mau sé liéu nay thi so véi mau sé liéu
ban dau:
A. Trung vi va so trung binh déu khéng thay ddi.
B. Trung vi thay ddi, sé trung binh khéng thay déi.
C. Trung Vi khéng thay déi, sé trung binh thay déi.
D. Trung vi va s0 trung binh déu thay doi.

5.26. Cho mau so liéu sau:

156 158 160 162 164,
T phan vi thir nhat clia mau so liéu trén la
A. 156. B. 1.
C. 158. D. 189.
5.27. Mau so liéu trong Bai 5.26 co khoang bién thién l&
A 2. B. 4.
G5 ()&

5.28. Mau sb liéu ma tat ca cac sd trong mau nay bang nhau cd phuwong sai la

A -1. B.O.
C. 1. D. 2.

5.29. SO gia trj trong mau s6 liéu nho hon t phan vi dudi Q4 chiém khoang
A. 25% s6 gia fri cla day.
B. 50% s6 gia tri cUa day.
C. 75% sb gié tri cla day.
D. 100% s6 gia tri clia day.
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5.30. Khoang tr phan vi Ag la

A. Qz - Q1. B. Qs — Qq.
C. Q- Qa D. (Q1+Q3): 2.
B-Tuluan

5.31. M6t nhan vién kiém tra dinh ki mét cot do xang dau, két qua do (trong mot
thoi gian nhat dinh) 1a 50 lit. Péng hé cla cét do xang dau béao la 50,3 lit.
Theo quy dinh, sai s6 I&n nhat ddi vai kiém tra dinh ki la 0,5% (Theo Van ban
KT thuat do lwong Viét Nam, BLVN 10 : 2017). Gia fri trén ﬂéng hé clia cot do
xang dau c6 nam trong gi¢i han cho phép khéng?

5.32. Biém tdng két hoc ki cac mén hoc clia An dugce cho hhu sau:

Toan | Vatli | Hoa hoc | Ng&rvan | Lichstr | Diali |Tin hoc Tiéng Anh
7.6 8,5 7.4 T 8.6 8,3 8.0 9,2

a) Biét rang diém mén Toan va mén Ngi vén tinh hé so 2, cac mén khac tinh
hé sé 1. Biém trung binh hoc ki cua An la bao nhiéu?

b) Thuc hién lam tron diém trung binh tinh dugc & cau a dén hang phan mudi.
5.33. Z-score |a chi s6 dugc t6 chire y té thé gidi WHO str dung dé danh gia tinh
trang dinh dudng clia ngudi théng qua cac théng sé chiéu cao, can nang va
do tudi.
H-h
g
trong @6 h la chiéu cao trung binh cla Itra tudi, s la @6 Iéch chuan, H la chiéu
cao nguoi dang xét. Néu Z < -3 thi ngudi d6 suy dinh dudng thé thap coi, muirc
d6 nang; Néu =3 < Z < =2 thi nguoi @ suy dinh dudng thé thap coi, murc dé vira.
Haéi mét ngudi 17 tudi, cao 155 cm ¢od bi suy dinh dudng thé thap coi khéng?
Néu bj thi & mirc dé nao? Biét rang chiéu cao trung binh cia nam 17 tudi la
175,16 cm va do |éch chuan la 7,64 cm (Theo WHO).

7

5.34. Thai gian ché cia 10 bénh nhan (don vi: phat) tai mét phong khém duac
ghi lai nhur sau:

5 g 7 22 9 8 11 = 16 99 3.
a) Tinh s6 trung binh, trung vi va mét cla day s6 liéu trén.

b) Nén dung dai luong nao dé biéu dién thoi gian chd clia bénh nhan tai
phong kham nay?
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5.35. Mdt hoc sinh dung mét dung cu do dudng kinh d ciia mét vién bi (don vi: mm)
thu duoc két qua sau:

Lan do 1 s 3 = 9 6 ¥ 8
d 6,50 | 6,51 650 | 652 | 649 | 650 | 6,78 | 6,49

a) Ban Minh cho réng két qua do & 1an 7 khéng chinh xac. Hay kiém tra khang
dinh nay cua Minh.

b) Tim gia tri xap xi cho dwéng kinh cla vién bi.

5.36. Thu nhép theo thang (don vi: triéu déng) clia cac cdng nhan trong mét céng ty
nho duec cho nhu sau:

9,5 6,0 8,0 7,0 1,9 8,0 7,0 9.5
12,0 10,0 45 110 13,0 9.9 8,5 40.

a) Tinh thu nhap trung binh theo thang clia céng nhan céng ty nay.

b) Trong dai dich Covid-19 céng ty cé chinh sach hé tro 25% céng nhan co
thu nhap thap nhéat. Sé nao trong cac tlr phan vi gitp xac dinh cac céng nhan
trong dién dugc ho tre? Tinh gia tri t& phan vi dé.
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L0 GIAI - HUGNG DAN - DAP SO

CHUONG | - MENH DE VA TAP HOP

MENH DE

1.1. a) Sai. b) Sai. c) Pung.
1.2. a) 106 khéng phai la hop sb.
b) Téng sb do ba goéc trong mét tam giac khéng bang 180°.

1.3. Ménh dé P — Q: “Néu t(r giac ABCD la hinh binh hanh thi t& giac ABCD c6
AB /| CDva AB = CD".

Ménh dé dao Q = P: “Néu tr giac ABCD cb AB Il CD va AB = CD thi t giac
ABCD la hinh binh hanh".

1.4. a) Hai goc bang nhau |a diéu kién can dé hai goc d6 déi dinh.
b) S6 tw nhién chia hét cho 3 |a diéu kién can dé tong cac ch sb cla noé chia
hét cho 3.

1.5. a) Sai. b) Bung.

1.6. a) Ménh @& P & Q: “x* +y* = O khi va chi khi x=0va y = 0".
Giasttacox’+y*=0.Vix* >0, ¥ >0nén x* + y* > 0 v6i moi s6 thue x, v.
Dovay tr x*+y*=0tasuyrax’=0,y°=0. Dodé x=0va y= 0.

Vay ménh dé P = Q dung. Nguoc lai, néu cd x = 0 va y = 0, hién nhién ta suy
ra x° + y? = 0. Vay ménh dé Q = P dung.

VVay ménh dé P < Q dung.

b) Ménh dé Pe Q: “x* > 0 khi va chi khi x > 0".

Gia sir x? >0. Vi x? 20 véi mois6é thyc x, nént x* >0 tasuyra x* #0
hay x = 0. Biéu nay khéng suy ra x > 0. Do d6, ménh dé P = Q sai.

VVay ménh dé P < Q sai.
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1.7. Ménh dé co thé phat biéu dudi dang: “Coé mot s thire x thoda mén x* < x2".

Ménh dé nay dung vi tén taix = % e R thoa man % =x*<x?=

N [N

Ménh dé phu dinh clia Pla: “vx e R, x* > x2”

1.8. Ménh dé phu dinh clia ménh dé Pla:
“Cé mot sd tu nhién co chir sd tan cung bang 0 khéng chia hét cho 10"

A TAP HQP VA CAC PHEP TOAN TREN TAP HOP

1.9.a)b; b)b; ¢c) S; d) S.
1.10.a) A={1:4:5: 8 B={2:4;7:8; 9}
by AuB={1245789} Twudéosuyra n(fAuB)=7.

c) A\B ={15}.
d)B\A={27 9]
1.11. A={4n|ne N0<n<4}); B={(-3)"|neN,1<n< 4}, C={M| MA = MB}.
1.12. B= 2.
1.13. a) Pung; b) Sai;

1.14.8) O b) (—2; 1) #—sm
-2 1

c) (=2; 3] #mk—ni d) (-3; 2) HHk—p
e 3 -3 2

1.15. a) C6 36 ngudi hoéc thich choi thé thao, hodc thich cau ca.
b) Cé 3 ngudi thich ca cau ca va choi thé thao.
c) Co6 12 nguai chi thich cau ca, khong thich choi thé thao.

c) Bung.

BAI TAP CUOI CHUONG I

A - Trac nghiém

1.16. D 1.19. A 1.22. C 1.25. B 1.28. A 1.31. A
1.17. B 1.20. C 1.23. B 1.26. C 1.29. C 1.32. B
1.18. D 1.21. B 1.24. A 1.21. B 1.30. B
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B - Tuluan

1.33. a) Co thé viet ménh dé dudi dang: “Vn e N, néu n cb tan cung la 0 thi n
chia hét cho 10". Ménh dé nay la ménh dé dung vi voi bat ctr s tw nhién nao
c6 tan cung bang 0, s6 d6 déu chia hét cho 10.

b) Cé thé viét ménh dé& dudi dang: “Vx € R x? > 0". Ménh dé nay sai vi vOi
x = 0thi x* = 0.
¢) Ménh dé dung.

1.34. a) Ménh dé dung; b) Ménh dé dung.
1.35.a) b, b) B c) D, d) S.
1.36. A= {—%;%; 1}; B = {2; 3}.
1.37.a) A= [-4: 4]; B =(-3; 8],
b)AnB=(-3; 4] A\ B = [-4; -3]; B\ A = (4, 8].
138. 3<a<b.
1.39. a) S; b) S; c) D.

1.40. Ta co: 20 + 18 — 4 = 34 hoc sinh hoac thich mdén Toan hoac thich mén
Nglr van. Do do co 40 — 34 = 6 hoc sinh khong thich mon nao trong hai mon
Toan va Ngi van.

1.41. Sr dung biéu d6 Ven dé biéu dién cac tap hop.

a) Goi x la sb clra hang ban ca quan &o va giay.
Tach: (26 —-x)+x+(16-x) =34 = x =8,
Vay sé clra hang ban ca quan 4o va giay la 8 clra hang.
b) Sé clra hang chi ban mét trong hai loai quan ao hoéac giay la
18 + 8 = 26 (clra hang).
c) S6 clra hang khéng ban ca hai loai hang hoé trén 1a
46 — 8 — 26 = 12 (clra hang).

87



CHUONG Il -BAT PHUONG TRINH

VA HE BAT PHUONG TRiNH BAC NHAT HAI AN

| BAT PHUONG TRINH BAC NHAT HAI AN

2.1. a) Mién nghiém la ntra mé&t phang bé d: —3x + y = 4 chira goc toa 6 va bé di
duwong thang d.

b) Mién nghiém clia bat phuong trinh -3x + y < 4 la nlra mat phang bo
d: -3x + y = 4 chira géc toa dd.
Mién nghiém clia bat phuong trinh -3x + y = 4 |a nlra mat phang bo
d: —3x + y = 4 khéng chira goc toa do.

2.2. Xét bat phuong trinh 2x + 3y +3 < 5x + 2y + 3.

Chuyén vé ta duoc 3x — ¥y = 0. Mién nghiém clia bat phuong trinh la nlra

mét phang b& d: 3x — y = 0 chira diém (1; 0).
2.3. Budng thang d di qua hai diém (0; —2) va (4; 0) c6 phuong trinh x — 2y = 4.

Vi mién nghiém chira géc toa dé nén bat phuwong trinh cén tim la x — 2y < 4.
2.4. a) Mién nghiém clia bat phuong trinh 1a nira mét phang bé o x + 2y = -4

chira goc toa dag.

b) Cac diém (x; y) can tim la (-1; -1), (-2; -1).
2.5. a) Theo de bai, ta co:

140x + 180y < 170(x +y).

d
Bang céach chuyén vé ta duoc bat phuong
trinh bac nhat hai 4n 30x —10y =20 hay
3x -y =0.
b) Biéu dién mien nghiém clia bat phuong
trinh bac nhathai an 3x -y > 0. X
-

Budc 1. V& duong thang d: 3x — y = 0 trén
mat phang toa dé.

Budc 2. Lay diém M(1; 0) khéng thuée d va
diém Mthoamén 3-1-0=3 > 0.

Do d6, mién nghiém cla bat phuong trinh
la nira mat phang bo d chira diém M(1; 0).
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HE BAT PHUONG TRINH BAC NHAT HAI AN

2.6. a) Mién nghiém |a mién tam giac ABC véi A(-1; 5), B(-1; 0) va C(4; 0).
b) Mién nghiém 1a mién khéng bi gach nhu hinh dudi déy
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2.7. Mién nghiém cta hé bat phuong trinh d& cho Ia mién tam giac AOB v&i

A(6; 0), B(0; 6) va O(0; 0).

Tinh gia i cla F tai cac dinh cua tam giac: H0; 0) =

0, F(6: 0) = 12 va A0: 6) = 18.

So sanh céc gia tri d6 ta duoc gia tri Ién nhét can tim 1a F(0; 6) = 18 va gia tri

nhé nhéat can tim la F(0; 0) =

2.8. Mién nghiém clia hé bat phuong trinh bac nhét hai &n 1a hinh vuéng ABCD

voi A(5; 0), B(O,5; -45) C( —4; 0)va D(0,5; 4.5).
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31

Tinh gia tri cua F tai cac dinh cua ta giac: F(5; 0) = 20, F(0,5; -4,5) = 5

F(-4,0)=-16va F0,5;495) = —%. So sanh cac gia tri do ta dwoc gia tri lon

nhét can tim la A(5; 0) = 20
2.9. Goi x va ylan luotla sd i

ta co hé bat phuong trinh -

va gia fri nhé nhat can tim 1a A(—4; 0) = —16.
t nudc loai A va B can pha ché. Khi d6, theo dé bai
( x=0
y =0
X+y<9
45x + 15y < 315

Sé diém thudng déi choi n

| 0,5x + 2y < 12.
han duoc la F(x; y) = 60x + 80y (diém). Ta can tim

gia tri |on nhat ctia F(x; y) voi (x; y) thoa man hé trén.

Mién nghiém cla hé la mi
D(7; 0) va O(0; 0).

én ngl gidc OABCD v6i A(Q; 6), B(4; 5), C(6; 3),
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Tinh gia tri cua F tai cac dinh cla ngli giac: F(O; 6) = 480, F(4; 5) = 640,
F(6; 3)= 600, A(7; 0) = 420 va F(0O; 0) = 0. So sanh cac gia trj do ta dugc gia
tri Ion nhat can tim la F(4; 5) = 640. VVay can pha ché 4 lit nudc loai A va 5 lit
nuéc loai B dé sb diém thudng nhan duoc la |on nhat.

BAI TAP CUOI CHUONG 11

A - Tracnghiém
210.C 213.D 2.16.C 219.D 222 A
211. B 2.14. A 217.B 2.20.C 223. B
212.C 215.D 2.18.B 2.21. B 2.24. A
2.24. Goi x va y tuong trng la s6 bao loai X va loai Y. Khi d6, theo dé bai ta cé hé
a0
y =20
bat phwong trinh § 2x + y > 12
2X + 9y = 36
12X + 3y = 24.

Mién nghiém cla hé la mién cé cac dinh la A(0; 12), B(3; 6), C(9; 2), D(18; 0)
(mién khéng bi gach).
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Chi phi dé mua hai loai thirc an la F(x; y) = 250x + 200y (nghin déng).

Thay gia tri tai cac dinh ta cé F0; 12) = 2400, F(3; 6) = 1930, 9, 2) = 2650,
F(18; 0) = 4 500. Do d6, gia tri nho nhét 1a A(3; 6) = 1 950. VAy chi phi nhd
nhat dé mua hai loai thirc &n l1a 1,95 triéu dong.

91



B - Tuluan

2.25. a) Mién nghiém |a nlra mat phéng bo d: x + y = -4 chira géc toa do.
b) Mién nghiém la nlra mat phéng b& d: 2x - y = 5 chira géc toa do.
c) Mién nghiém la nlra mat phang bd ¢ x + 2y = 0 chira diém A(-1; 0), khéng
ké dudng thang d.
d) Mién nghiém la nira mat phéng b& d. —x + 2y = 0 chira diem A(-1; 0),
khéng ké duong thang d.
2.26. a) Mién nghiém la mién tam giac ABC bo di hai canh AB, AC, v&i A(4; 0) va
B(10; 6) va C(10; 0).
b) Mién nghiém la mién hinh thang ABCD véi A(-2; 0), B(2: 0), C(1: 1) va D(-1: 1).
c) Hé v6 nghiém.
2.27. Mién nghiém clia hé bat phwong trinh da cho 1a hinh thang ABCD véi A(-5; 1),
B(5; -1), C(3; 1) va D(-3; 1). Tinh gia tri clia Ftai cac dinh ta dwoc:
F(-5;-1)=-13, A5;-1)=7, F3; 1) =9, F(-3; 1) = -3.
\Vay gid tri 16n nhét |a £(3; 1) = 9 va gia tri nhd nhat la F(-5; —1) = -13.
2.28. Goi x va ylan lugt 1a so tan san pham loai A va loai B ma phan xudng san
(x>0
y =0
3X+y <6
X+y<4.

xuéat duoc. Khi @6, theo dé bai ta c6 hé bat phuwong trinh

Sé tién 1ai phan xuong thu duoc la A(x; y) = 2x + 1,6y (triéu dong). Ta can tim
gia tri I6n nhat cha F(x; y) véi (x; v) thoa ma&n hé trén.
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Tinh gia tri cua F tai cac dinh ta dugc F(0; 4) = %2 F(1;3)= %4 F(2; 0)= 4,

F(0; 0) = 0. Khi d6 gia tri Ion nhat can tim la A(1; 3) = 3—:. \Vay sb tién |ai 16n

nhat ma phan xuwong co thé thu dugc la 6,8 triéu dong.
2.29. a) Goi x va y lan luot la sO cbc do udng / va Il thoa mén dieu kién dé bai.

Khidéta co x > 0va y = 0. Hon nira, dé nguoi &n kiéng duoc cung cap du luong
calo va vitamin thi 60x + 60y = 300, 12x + 6y = 36 va 10x + 30y = 90.

TUr d0, ta ¢d hé bat phwong trinh bac nhét hai an:

x20 [ ¥=0
y=0 y=0
+60x +60y =300 hay « x+y =5
12x + By = 36 2X+y 26
| 10x + 30y = 80 X +3y = 9.

Mién nghiém la mién khéng bj gach va&i cac dinh A(0; 6), B(1; 4), C(3; 2), D(9; 0)
nhu hinh dudi day.
4
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b) Chi phi cho hai loai dd udng la F(x; y) = 12x + 15y (hghin ddng).
c) Ta tinh gia tri clia F tai cac dinh: F(0; 6) = 90, F(1; 4) = 72, F(3; 2) = 66,
F(9; 0) = 108. Do d6 F nhd nhat tai (x; y) = (3; 2).

Vay ngudi d6 can ubng 3 cbe dé udng / va 2 cbée dd ubng /I dé dat duoc cac
muc tiéu dé ra.

93



CHUONG il - HE THUC LUONG TRONG TAM GIAC

 GIA TRI LUQGNG GIAC CUA MOT GOC
b TU 0° DEN 180°

3.1. Dap sé:
a) A=0.
b) B =0.
c) Do 5° = 90° - 85°, 25° = 90° - 65°, nén theo Tinh chat 4-a), ta co

cos5° = sin85°, cos25° = sin65°.
Tl d6. theo tinh chét 4-c), ta duoc

C = (sin285° + c0s285°) + (sin265° + cos265°) + cos245° = 1+ 1+ 5=

d) Do 73° +107° = 75° + 105° = 180° nén theo hé thirc co ban, ta cé:

122 +12sin®107° = 12(cos® 73° + sin?73°) = 12. (1)
1+ tan“73°
tan75° - cot105° = tan75° - (-cot75°) = -1. (2)

Do 40° + 50° = 90° nén theo hé thirc co ban, ta co

tan40° - tan50° = tan40° - cot40° = 1. (3)

TU (1), (2) va (3) suy ra 9:12n4-{-1]-2.1%=15.

e) Do 148° + 32° = 108° + 72° = 180° va 72° +18° = 90° nén

E - 4tan32° - (—cot32°) - cos60° + 5(-cot72°)° - cos? 18° + 5c05218°
—4.(-1)-245.1=3,
2

3.2. HD. SUr dung hé thirc co ban, chu ¥ do 90° < ¢ < 180° nén

J7 23

coso. = —{y1-sin‘a = -—. Pap s6: F ===,
@ =~ L 16
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3.3. HD. S{r dung hé thirc co ban, chi y do tana > 0 nén o la géc nhon.
Pap sé: a) G =5, b) H = 5.

3.4. Do tano = 42 > 0 nén « la géc nhon va cosa > 0. Chia ca ttr va méu clia
K cho cos® o # 0, ta duoc

K tan® o + tan o + 2tan? o — 4
tanc - (1+ tan? ) - (1+ tan? o)

2f2+2+4-4
J2-3-3

_ 32 il
ms(ﬁ—ﬂﬂﬁ(ﬁ ¢

3.5. a) HD. St dung hang dang thic (a + b)° = &% + b? + 2ab va hé thirc co ban.

b) HD. Str dung hing ddng thic (a+b)® = a® + b® + 3ab(a + b) va hé thic
co ban.

¢) Str dung hé thirc co ban sin® o + cos® o = 1 ta dwoc

Jsin® o + 6c0s2 o + 3 ++Jcos? o + 4sin a

2 2

= J{‘I ~cos?a)” +6cos? o + 3 + \/(_1 - sin®a)” +4sin«

~J4 +4c0s2g +cos? a + 1+ 2sin? o + sin® o
=(2+cos?a) +1+sina) = 4.

3.6. a) Ngay 10/10 la ngay ther 283 cua nam khéng nhuéan. Do dé, géc nghiéng
clia Mat Trdi vao ngay nay tai vi @& ¢ = 20° bang

i ™ R
2(283 + 10
o = 90° — 20° - |oos| [ 2283+ ]—1‘.130‘*‘-23,50
A 365 r i
_ 70° - |eos 22 035° ~ 62.35°.

cos—— - 180°
365

b) Chua y. VI d6 cla noi co goéc nghiéng Mat Troi o vao ngay thir N trong
nam bang

(2(N +10)
CoS -1
L 365

A

& =90° -0 - 180% =23.5%
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| HE THUC LUONG TRONG TAM GIAC

3.7. a) Ap dung dinh li sin, tinh dwoc b = 64y2(+f3 + 1), a = 1242.
b)Pap sé: R =12.

c) Dép sb: S = %bcsinA - 36(+/3 +1).
d)yPap sé: h, =3J2(\3+1). h, =6v2. h, =6(J3 +1).
3.8. a)Pap sb: cos A = —%

b) Cé thé tinh dién tich theo céng thirc Heron hoac céng thirc S = %bc SinA.

Pap sb: S = 10414.

c)Dap sb: h, = @
d) S& dung cong thirc S =p-r. Pap sé. r = %

3.9. a) Theo dinh li césin, ¢? = a* + b° — 2abcosC = 16+25—2-4-5--;-: 2.

Suyra ¢ =21

4 3 2
Ap dung dinh li sin, ta dwoc sinA = = .
P 2 .
Suyra A = 49°6'24"
B 5 3 5
Clng vay, tinh duoc sinB = = .
2 212 ofr

Suy ra B = 70°53'36".

h)Dap sé: S = 543.

¢) Ap dung céng thirc tinh @6 dai dwong trung tuyén (Vi du 3).
Pap s6: m, =19

3.10. a) TW gia thiét suy ra ABC = (90° - 24°) + (90° - 36°) = 120° (H.3.7).
Ap dung dinh Ii césin cho tam giac ABC ta dugc
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AC? = AB? + BC2-2.AB-BC-cosABC
e i

— 2500+ 16900 -2-50-130 - L-% | = 25900.
¥

Suyra AC = 104259 = 161 (km).

N o
N36° W \ N24° E

1Y/ - -

L) il

Hinh 3.7

b) Ap dung dinh li sin cho tam giéc ABC ta duwoc sinCAB = % .sinABC = 0,6993.

Suy ra CAB = 44° va do d6 AC chénh vé huong tay mét goc 44° — 24° = 20° so
VOl phuong bac.
Vay huwéng tir A t6i Cla N20°W.
3.11. Coi diém xuat phat |a A, diém tau chuyén huwdng la B va dich dén la C (H.3.8).
Theo gia thiét
ABC = 180° - (10° + 20°) = 150°.

N
N80° E
W E
E20° S
5

Hinh 3.8
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Do tau chay tr A t6i B véi van téc 20 km/h trong 30 phut, nén

30
AB =20-— =10 (km).

Do tau chay tir B @é&n C véi van téc 20 km/h trong 36 phut, nén

BC =20 -2 _ 12 (km).
60

Ap dung dinh Ii cdsin cho tam giac ABC ta dugc
AC? = AB? + BC?-2. AB-BC - cos ABC = 10? +122-2-10-12-[-—}z452.

Suyra AC = 452 ~ 21 (km).

3.12. Ap dung dinh li sin cho tam giac ABC (H.3.9).
Pap sb: Chiéu cao clia cayla h = 20,23 (m).

3.13. a) Tw dinh Ii cbsin va cbéng thuc tinh
dién tich clia tam giac, suy ra

cosA b2+c®-a°2 b®+0%-3a2
COtA = — = _ ~ .
sin A 2bcsin A 48
2 a2 g2 2 L w2 _ A2
Tuong ty cling c6 cotB = e LeolCi= ok ;
48 48
aZ + b% +c?

Tw dd cotA +cotB + cotC =

4S
b) HD. Ap dung céng thirc tinh @ dai duwdng trung tuyén.

3.14. a) Goi M, N theo thir tv la trung diém clia cac canh BC, CA; goi G la trong

tam cua tam giac ABC (H.3.10). Khi d6 AG =§AM, BG= %BN. Tk do, theo

dinh li Pythagore ta co

¢? = AB® = AG* + BG? = >

ﬂfb2+cz az} 4[cz+az_b2}

g 2 4 g 2 4
_&ircz 4 az +b2]
1N 4 )

Suy ra 5¢° = a® + b®.
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a‘ + b?% -c?

2
b) Do a2 + b? = 5¢2 nén cotC = - £ wma
43 S
EN L . R T
2(cotA+cotB):2Lb T Aok e DJ
48 48
02
:?‘ N
Suy ra cotC = 2(cot A + cotB).
B M C
Hinh 3.10

3.15. HD. Ap dung dinh li sin, tacb a:b:c=1:2: 3.
Pap sb: A =30° B =90°, C = 60°.
3.16. TUr dinh li sin va c6ng thire tinh dién tich, suy ra dién tich clia tam giac bang

S abc ) (2RsinA)(2RsinB)(2RsinC) T D —
4R 4R

Tir @6, do S = 2R?sinAsinB, suyra sinC = 1va do db6 C = 90°
Suy ra diéu phai chirng minh.

BAI TAP CUOI CHUONG III
A - Tracnghiém

3.17. A 3.23.B 3.29. A 3.35. A
3.18.C 3.24. A 3.30. A 3.36. C
3.19. A 3.25.B 3.31. B 3.37.B
3.20. B 3.26. D 3.32. B
3.21. A 3.27. A 3.33. A
392 1) 3.28. C 3.34.C

B - Tuluan

247 1
3.38.2) COS 01 = ——= tano = ———, cota = —24/2.
) 3 22
b) A = 2"%'1; B =-3.
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3.39. Do sin15° = , suy ra cos15° = \’1 ~sin%15° =

V6 -2 V6 + 2
4 4

] o
Dodb tan1s® = 310" _»_ &
cos15°

J6 +2
Y

c0s105° = cos(180° — 75°) = —c0s75° = —cos(90° — 15°)
52 BB
4 4
tan165° = tan(180° - 15°) = —tan15° = -2 + /3.
b) Pap sé: A = -1.

a) sin75° = sin{(90° — 15°) = cos15° =

= -sin15° =

3.40. Dap sé: CAB = 90°, BCA = 30° va CA = /3.
3.41. a) HD. Ap dung dinh li césin.
Pap s6: b =7, A = 41°,C ~19°.

b) Pap s6: S :g.
&) hy =2 :@_
b i

3.42. a) HD. Ap dung dinh li cosin.
Pap sb: C =120°, A = 22°, B = 38°
b) Ap dung dinh |i sin, ta duwgc ban kinh dwéng tron ngoai tiep cla tam giac la

B 2o
2sinC 3
Doa=3,b=5va C =120° nén dién tich clia tam giac la

S = l.a\bsinc = @
2 4

Tir d6, ban kinh duéng tron ndi tiép clia tam giac la
p__ 28 _ V3

a+b+c 2

8=
.

3.43. Dap s6: a =f3.h, =
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3.44. a) HD. Ap dung dinh i cosin.
Pap sb: b=7,C = 38°, A = 82°

2043

b)Pép sé: h, :73.
c) Pap sé6: m, = 21

3.45. a) Dap s&: A =135° a =242, b=+/6 - V2.
h)Papséd: S =3 -1R=2

¢) Do CD la phéan giac clla BCA nén BCD = DCA = 15° = CBD. Suy ra tam
giac DBC can tai D. Tir d6, néu goi [ 1a trung diém clia BC thi IC = IB =2
va DI | BC (H.3.11).

Hinh 3.11

. C -
Tt 86 CD = —————=2(f3 ~1).
cos/CD

3.46. a) Do ban dau tau chay theo huéng déng tir A t6i B, réi chuyén sang £30°S
chay t&i C, nén ABC = 180° —30° = 150° (H.3.12).

B
N y 15km

20 km

C
Hinh 3.12

Ap dung dinh Ii c8sin ta duoc AC? = AB% +BC? —2-AB-BC - cos ABC =1144,6
va do 6 AC = 34km.
b) Ap dung dinh li sin cho tam giac ABC ta duoc

sinGAB - SNABC

-BC = 0,2941.

Suyra CAB = 17°. Vay tir A t6i Cla huéng E17°S.
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3.47. Coi nguoi quan sat tir diém A céach gbéc cay B mét khoang bang 30 m, nhin
ngon cay C duéi géc 45° (H.3.13).

Hinh 3.13

Do swon ddi co dé déc 12%, nén sudn doi tao voi phuong nam ngang mot
goc BAH = 7°

Tilr @6 BAC = HAC — HAB = 38° va BCA = 45°.

Ap dung dinh |i sin cho tam giac ABC, ta duoc

BC = —28__ sinBAC - 26(m).

sinBCA
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CHUONG IV - VECTO

L CAC KHAI NIEM MG BPAU

4.1. Do M la trung diém cla BC va G la trong tam A
clia tam giac, nén A, G, M thang hang theo thir

ty d6 va AG = %AM (H.4.17).

Suy ra hai vecto GA GM ngugc hudng va c
Al = 2|em|. Do as |am] = 3lGwl.

Tw do, cac khéng dinh a, ¢, d la cac khéng dinh B M C
dung; khang dinh b |a khang dinh sal. Hinh 4.17

4.2. Co. d6la vecto 0.

4.3. V6i hai vecto khac vecto 0, cung phuwong thi hoac chung cung huéng, hoac
chiing nguwoc huéng. Tir 6, néu a nguoc hirdng voi b va a ngwoc hudng

vGi ¢ thi hai vecto b va ¢ clng hudng.
A B

4.4. Do ABCDEF la luc giac déu tam O (H.4.18), nén:
— Céc cép canh ddi dién AB va ED, BC va
EF, CD va FA song song va bang nhau;

— Ba dudng cheo chinh AD, BE, CF dong s ¢
quy tai trung diém cta méi duong;

— MG duong chéo chinh song song Vo
mot cap canh co dau mut khéng thudc E D
duong cheo ay. Hinh 4.18

Suy ra:
a) Cac vecto khac 0, cung phuong voi OA la: OA, AO, OD, DO, BC, CB,
EF, FE, AD, DA.
b) Céc vecto béng vecto AB la; AB, FO, OC, ED.
4.5. a) Do AA’ la dudng kinh clia (O), nén ABA’ = ACA’ = 90° (H.4.19).
Suyra A'C L AC (1)
va A'B L AB. (2)
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Do Hla tryc tdm cla tam giac ABC nén

BH 1 AC (3)
va CH L AB. (4)
Tw (1), (2), (3) va (4) suy ra twr giac BHCA' la
hinh binh hanh.
Do 6 BH = A'C.
b) Do AA'la duong kinh cla (O), nén O la
trung diém clia AA' (H.4.20). (9)
Do BHCA'la hinh binh hanh, nén trung diém
M clia BC cling la trung diém ciia HA'.  (6)
Tw (5) va (6) suy ra OM la duong trung binh
cua tam giac AHA'".

Do dé OM // AHva OM =%AH.

Suy ra hai vecto AH va OM clng hwong
va |AH| = 2lom].

4.6. Ta sir dung vecto v : |§| — 20 dé bidu thi cho van téc clia tau, vecto AB dé
biéu thi cho quéng duc‘pr va huong chuyén déng cua tau tir A t6i B (H.4.21).
Do tau chuyen dong deu tur A, v&i van toc 20 km/h, trong 2 gio tol B, nén
AB = [AB| = 2|V| = 40 (km).

Vay A cach B 40 km.

N n20°E “
W E v
S20°W <
A
Hinh 4.21

Do B & vé hudng N20°E so vai A, nén A & vé huéng S20°W so véi B.
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| TONG VA HIEU CUA HAI VECTO

4.7. Tir mét diém O bat ki, ta vé OA = a rdi vé A
AB = b. Khido OB =a+ b (H.4.22).

Q4
=

Vi a b khéng cung phuong nén O, A B
khéng thang hang. Khi do, trong tam giac =
OAB, ta c6 OA- AB < OB <OA + AB hay © a+tb B
a |al - 1Bl < |a + Bl < [al + |B]. Hinh 4.22

4.8. (H.4.23) a) HD. Ching minh hai
tam giac BOM va DON béng nhau.

b) Do O la trung diém clia BD va MN
nén BMDN la mét hinh binh hanh.

Suyra BM + DN =0. (1)
Do G la trong tam tam giac BCD A N D
nén GB + GC + GD = 0. (2) Hinh 4.23

Theo quy tac ba diém, ta co GM = GB + BM va GN = GD + DN. Tir do va (1),
(2)suy ra

GC+GM+GN -GC +(GB +BM) +(GD + DN)

- (GB +GC +GD) + (BM + DN) = 0,
Suy ra G la trong tam tam giac MNC.

4.9. a) Theo tinh chat két hop clia phép céng vecto, ta c6
AB + BC + CD + DA = (AB + BC) + CD + DA
- AC+CD + DA =(AC +CD) + DA
= AD+DA=AA=0
b)Do AB +BC + CD + DA =0 nén (AB + BC + CD + DA) + AD = AD.
Do tinh két hop ctia phép cong, ta duoc AB + BC +CD = AD. (1)
Tir 36 (AB + BC + CD) + CB = AD + CB .
Do tinh két hop, giao hoan clia phép céng vecto, tinh chét clia vecto 0, nén
AD+CB = AB+BC +CD+CB = AB + CD+(BC + CB) = AB + CD.

4.10. a) Do D la trung diém ctia BC, E |a trung diém cla CA, Fla trung diém cla
AB nén AF = FB, BD = DC, CE = DF.
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Do CE = DF nén ti giac CEFD la hinh binh hanh.

Tw d -BD+ CE = CD +CE = CF.

Suyra AF —-BD +CE = FB + CF = CF + FB = CB.

b) Gia sir tim duoc diém M thoa man AF — BD + CE = MA. Khi d6, theo két
qua cau a, ta duoc CB = MA. Suy ra tir giac ABCM la hinh binh hanh. Va do
d6 diém M can tim ddi xirng voi B qua E.

c) Do ABCM la mét hinh binh hanh, nén MC = AB.

4.11. Ta slr dung cac vecto AB, AC, AD lan luot biéu thi
cho céc lyc F, F,, F, vavecto AE hiéu thj cho hop Iuc

—% P

F cla F, FE' (H.4.24). Khi @6, do BAC =90°, nén t
giac ABEC la hinh chi nhat. Tt d6, do AB = 30 (N),
AC =40 (N), suy ra

Fl = AE = 302 + 402 = 50 (N)

Do vat & vi tri can bing, nén hai luc F va £, co cling F
cwong do va ngugc huong, e la cac vecto AE va AD

la cac vecto co cung dd dai va ngugc huong. Boi vay, 5
cuong do clia luc F; bang |F| = IF| = AE =50 (N). 458

4.12. Ta sU dung cac vecto AB, AC, AD Ian Iuot bidu thi cho cac lvc F, £, Fs
va vecto AE dé biéu thi cho hop luc F cla hai luc F,, F, (H.4.25). Khi a9,

t&r giac BACE la mét hinh binh hanh. Tir d, do AB = AC = 2+/3 va BAC = 60°
nén BACE la mét hinh thoi va tam giac ABC la mét tam giac déu.

Do d6 AE:Z@:G.

Hinh 4.25 C
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Do A & vi tri can bang nén hai lyc F va 1?3' cO cung cuong do va ngugc
hudng, tic la cac vecto AD va AE d6i nhau. B&i vay, cuong d6 cla luc F;

bing |F;| = IFl = AE = 6 ().

| TICH CUA MQT VECTO VOI MQT SO

4.13. Do D, E theo tht tw 1a trung diém

clia BC, CA (H.4.26), nén A
SR 1 =g

E =~ AB (1)
BC = 2BD = 2DC. (2) .
Theo quy tac ba diém, ta co:
AB = AD + DE +EB (3)
BC = 2BD = 2AD — 2AB (4) B 3 C
CA =DA-DC = -AD - %ﬁ (5) Hinh 4.26

1 2

Tl (1) va (3)suyra AB = A’ﬁ—?‘dé“ _BE = AB = 5A.f:’i - ZBE.
_ ‘ = 5 — D D £ 2 U,
TU (3) va (4)suyra BC = 2AD - 2| ~AD - ZBE |= ZAD + —BE.
¢3 3 " )Fg 3

M ixl 2o Nds—= 2—

Tir (4) va (5) suyra CA = —AD - GAD +555J =~ AD-ZBE.

4.14. a) Theo quy tic hinh binh hanh, OA + OB = OC
v@i C la dinh thir tu cua hinh binh hanh OACB dung B C

trén hai canh OA, OB (H.4.27a).
Do tam giac OAB vudng can tai O, nén OACB la hinh
vuong. Khi do
locl = oc = voA? +0B? = ay2.
b) Theo quy téc ba diém, OA — OB = BA. 5 ;
T do, do tam giac OAB vudng can tai O, nén Hinh 4.273
BA| = AB = a2
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c) Lay diém D d6i xirng véi O qua B (H.4.27b). Khi D| _ E

do OD = 20B. Theo quy tac hinh binh hanh, ta cé /
OA + 20B = OA + OD = OF Vv6i E 1a dinh ther tu /
cua hinh binh hanh OAED dwng trén hai canh OA, /
OD. Do tam giac OAB vuéng can tai O nén OAED la g

hinh chit nhat, vai OA=a, OD= 2a.

Suy ra |OE| = OF = ¥OA? + OD? = a+/5.

d) Lay F doi xirng B qua D va lay G :
doi xirng voi O qua A (H.4.28). Khido ¢ Hinh 4.27b

OG = 20A, OF = 30B. Suyra

20A-30B=0G-0OF =FG. (1)

Do céch dung cac diém F, G, tam giac
OFG vudng tai O, OG = 20A = 2a,
OF = 30B = 3a.

Tir d6 va (1) suy ra
|204 - 308B| = |FG| = FG
= JOF? + 0G? = a13. Hinh 4.28

4.15. a) Do H |a truc t&dm cua tam giac ABC, hén BH L CA, CH L AB. (1)
Ké dwong kinh AA' clia duding tron ngoai tiép (0). Khi dé O |a trung diém cla AA'
(H.4.29). Hon ntra A'CA = 90° = ABA, do do
A'C L CA AB 1L AB. T d6 va (1) suy ra
A'CII BH, A'B /| CH va do do tu giac BHCA'
la hinh binh hanh. Ma M la trung diém cla
BC, suy ra M cling la trung diém clia HA'

Trong tam giac AHA' cé O la trung diém cla
AA' M la trung diém ctia A'H, suy ra OM la
dudng trung binh. T dé AH /I OM va

AH = 20M. Suy ra AH = 20M.
b) Do M la trung diém ctia BC nén
OB + OC = 20M = AH.
Suy ra OA + OB + OC = OA + AH = OH. (1)

A
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c) Goi G la trong tam AABC nén ta c6 OA + OB + OC = 30G. Tir d6 va (1)

suy ra OH = 30G. Bai vay hai vecto OH va OG clung phuong hay O, G, H
cling thuéc mét dudng thang.

4.16. Do /14 trung diém clia MN nén ta cé IM +IN = O. (1)
Do M la trung diém clia AB nén JA + 1B = 2IM. (2)
Do N la trung diém clia CDnén IC +1D = 2IN. (3)

TU (2), (3), theo quy tac ba diém, ta co

OA + 0B +OC + 0D = (0l +1A) + (Oi +1B) + (0 +1C) + (O + D)
= 401 + (JA +1B) + (IC + D)
= 40/ + 2IM + 2IN.

Tir d6 va (1) suy ra OA + OB + OC + OD = 40I. B

4.17. Do M la trung diém cla AB, N |4
trung diém cla BC nén MN la dudng
trung binh cla tam giac ABC (H.4.30).

A

Do d6 MN = %A_'c. (1)
Tuong tu cling co PQ = -;-(Té (2) r

va RS = %E&'. (3) 3

Hinh 4.30
Theo quy tdc ba diém va tinh chét két hop clia phép cdng vecto, ta co

AC + CE + EA = AE + E&'= 04

1

Tir 6 va tir (1), (2), (3), suyra MN + PQ + RS = E(,-ttc' +CE +EA) =0.

Do d6, theo két qua clia Vi du 3 thi hai tam
giac MPR va NQS co6 cung trong tam.

4.18. Pudng thdng di qua M va song song Voi
BC cat AB, AC tai L, I; dwéng thang di qua
M song song v&i CA cat BC, AB tai H, K;
duong thang di qua M song song véi AB cét
CA, BCtai J G(H.4.31).
Do tam giac ABC deu va MG // AB, MH Il AC
nén tam giac MGH clng la mot tam giac
déu. T d6, do MD L. GH nén D la trung
diém cla GH.
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Suy ra 2MD = MG + MH. (1)
Twong tu cling c6 2ME = Mi + MJ; 2MF = MK + ML. (2)

Tir (1), (2) suy ra 2(MD + ME + MF) = MG + MH + Mi + MJ + MK + ML.  (3)
Do MK /I AC, MJ Il AB nén tr giac AKMJ 14 hinh binh hanh. Suy ra

MK + MJ = MA. (4)
Tuong tw, cling c6 MG + ML = MB, MH + Mi = MC. (5)

T (3), (4), (5) suy ra 2(MD + ME + MF) = MA + MB + MC = 3MO (do O la
trong tam cula tam giac déu ABC). Tir d6 suy ra diéu phai chirng minh.

4.19. a) Gia st tim duoc diém M sao cho MA + MB + 2MC = 0.

Goi /14 trung diém clia AB va J Ia trung diém clia IC. Khi @6 MA + MB = 2MI.

Vay MA + MB + 2MC = 2MI + 2MC = 4MJ.

Suyra MA + MB +2MC =0 < 4MJ =0 < MJ =0 hay M = J.

b) Gia st tim dugc diém N thoa mén N

4NA — 2NB + NC = 0.

Goi K |a trung diém clia CA (H.4.32). Khi d6

4NA - 2NB + NC = 2(NA - NB) + (NA + NC) + NA
— 2BA + 2NK + NA.

Goi J la diém thoa man 2JK + JA = 0.

Khi d6 2NK + NA = 3NJ .

Do d6 4NA — 2NB + NC = 2BA + 3NJ.

Tir 46 4NA - 2NB + NC = 0 "

S

& 2BA+3NJ =0 & NJ = ~AB. (1) Hinh 4.32

Lay diém L thuodc canh AB sao cho AL = %'A_é'. Khi d6 (1) < NJ = AL

Tw do, do A, L, Jkhong thang hang, nén tir giac ALJN la mét hinh binh hanh.
Vay, diém N can tim la dinh tha tw ca hinh binh hanh ALJN.

4.20. a) Gia st tim duoc diém K thoa man KA + 2KB + 3KC = 0.
Goi / la trung diém cla AC, goi J1a trung diém cla BC. Khi do

KA + 2KB + 3KC = (KA + KC) + 2(KB + KC) = 2KI + 4KJ. (1)
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Lay diém L ﬂwuoc doan IJ sao cho L/ = 2LJ. Khi d6, theo két qua Vidu 2, ta mrofc
[f+20d = 0. Suyra Ki +2KJ = 3KL. T dova(1)suyra KA + 2KB + 3KC =0

& 2(Ki +2KJ) =0 < 6KL =0, diéu nay tvong duong voi K = L.
b) VVéi méi diém Mta co MB — MC = CB. (2)

Theo két qua phan a), MA + 2MB + 3MC = 6ML. (3)
Tw (2) va (3) suyra

VA + 2MB + 3mC| = [MB - mc| < slmL] = |[cBl < Lm = B?C.

TUr 6 suy ra tap hop tét ca cac diém M can tim la duéng trén tam L, ban kinh

bdang —.

4.21. Lyc d4y Archimedes F, va trong luc P déu tac dong Ién vat theo phuong

théng ding, hai luc nay nguoc huéng. Do & trang théi can bang vat néi (chim
mot ntra), nén hai lwc nay cé cuwéng dé bang nhau.

Goi d, d' twong tng la trong Iwong riéng clia vat va trong Iong riéng clia chat
16ng: goi V14 thé tich clia vat. Khi d6 trong Iuong clia vatbing P = |P| = av. (1)

Lwc day Archimedes tac dong 18n vat co cuong ddbang F, = l | d - ; (2)

Twr (1) va (2), déyrang P = F,, suyra % =2,

| VECTO TRONG MAT PHANG TOA PO

4.22. Do M la trung diém cua BC, N la
trung diém clia CA, P la trung diém clia
AB, nén MN, NP, PM la cac duong
trung binh cua tam giac ABC va do do
MN // AB, NP /| BC, PM /| CA (H.4.33).

Do MN // ABva MP // AC nén tir giac
APMN la hinh binh hanh, va do doé

OA = ON + OP — OM.
Twr d6 suy ra OA =(3,5),dodd A cb

toa do la (3; 5). Bang lap luan tuwong i
tu, tim duoc B(1; 1) va C(7; —1). Hinh 4.33
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4.23. a)Dap sb: AB = 26, BC = /62, CA = 4/26. Tam giac ABC vuéng can tai A.
b) HD. Hinh vuéng ABDC la mét hinh binh hanh.
Bap sb: D(6; 5).
4.24. a) Dap sb: P(3; 0).
b) Bap sé: Q(0; 11).
c) Gia str tim duoc diém R thoa mén yéu cau. Do RM + 2RN =0 nén

OM + 20N = (1+ 2)0R hay ﬁ:%oﬂ%oﬁ

va do doé R co toa do ( 131]

—

1

Do PQ =(-3;11), PR—|—1 1—W Do '_;_TT nén hai vecto PQ va PR
B 2

clng phuong va do dé P, Q, R théng hang.
4.25. a) Dap sb: P(0; 5).

b) Pap s6: Q(-2; 7).

c) Dap s6: R(-3; —2).
4.26. a) Dap so: E(0; 4).

b)Pap so: F(7;0).

w I

c) Do C(1 6), D(11 2), nén CD = JHTL 12 & @ 16)2= /116 =2J29.
Goi / la trung diém CD, thé thi I(6; 4) va voi mdi diém M déu coé MC + MD = 2M.
Suy ra [MC + MOl = cD < 2|Mi| = 2J29 = IM = J29.

\Vay tap hop cac diém M can tim la duéng tron tam / ban kinh C—f = J29.
4.27. a) HD. Chung minh cac vecto AB va AC khéng cung phuwong. Trong tam
/
clia tam giacla GLE; g]

b) HD. Goi / la tam duwdng tron ngoai tiép va H la truc tam cla tam giac ABC.
Théthi IA=IB =IC va IH = 3IG.

Pap sob: I[E 2) H[-E;-s—].
4 4 2 2
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4.28. Chon hé toa d6 Oxy sao cho A(0; 0), B(200; 0), C(200; 180), D(0; 180).
Goi vi tri cac c6t dién dugc trongla C,, C,, Cs, C, (H.4.34).

Do C,; thuéc canh AB va ,Vi c

D 4 C
AC, = 20 nén C,(20;0), do 180 I
C, thuéc canh CD va
C4C =30 nén C,(170; 180). = i

Suyra CC, = (150, 180). (1) —1

Do bén cét dién Cy, Cs, Ca, Cy
dugc trong lién tiép, cach
déu trén mét dudong thang, l 5%/

nén C.C, = %0104 va /
- W
C1C3 = —C1C4 i | C‘I || 1 B
3 OJA '_§2 0 ﬁ

Goi toa d9 clia C, ddi voi hé
truc dang xét la (x; y). Khi dé C,C, = (x = 20; y).

x—20=-1%=50

Hinh 4.34

Suyra x =70,y =60, tcla C,(70; 60).
Khi @6 d(C,; AB) =d(C,; Ox) =60 (m) va d(C,;AD) = d(C,;0y) = 70 (m).
Hoan toan twong tu, cling duoc d(C,; AB) =120 (m), d(C5; AD) = 120 (m).

A TICH VO HUONG CUA HAI VECTO

4.29. a) Do tam giac ABC la tam giac déu voi do dai cac
canh bang 1, M la trung diém BC, nén MA = g
(MA:BA) = 30°, (MA:AC) = 120° (H.4.35).

3

Suyra MA - BA = [VA| - |BA| - cos(WA; BA) =

3

MA - AC =|mA|-|AC|- cos(mA AC) = e

Hinh 4.35
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b) Do tam giac ABC déu, nén A
(AB;AC) = 60°. (1)
Do M la trung diém clia BC nén

AM = %(E +AC). (2)

Do N ddi ximng véi Bqua C,nén g M C N
C la trung diém ctia BN (H.4.36). Hinh 4.36

Suyra AN = 2AC - AB. (3)

Tor (1), (2) va (3) suy ra

AM-AN:E(ABM ')*(QAC—AB:]

:%(AB-QAC+AC-2AC—AC-AB'—AEi-AB)

(e
:E[AB-AC+2AC ~AB]:E.

¢) Do P thudc doan AN thoa mén AP = 3PN nén AP = %m " %Hz’ -%ﬁ

(H.4.37).
; : e —d — 2 ey SR
Suy ra MPzAP~AM:L§AC—% BJ—[%A +%A JzAC—gAB,

Tw do

Suyra MP =

: Hinh 4.37

0.

4.30. (H.4.38)a) D4t AB =b, AD=d voi Bl =1|dl=v2 va b-d

Khi @6 AC = b +d. Hon nira, do M Ia trung diém ctia AD nén AM = %Ef va

dodd BM = AM — AB =—d - b,

N =
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— S E— =% —4 ff —4 -+
Suyra AC-BM=(b+d)-L1d-bj=-—b rad
2 2
Tuw do AC L BM.
b) Theo dinh li Pythagore ta co AC = NE)

1 N

. Suyra AH = —AC.
B 3

Do N la frung diém clia AH nén

va AH =

NE = NA + AB = ~HA +

- B
:1[_1(5@)}5:%5-4. (1)

Hinh 4.38

2

Do P la trung diém clia CD va N la trung diém clia HA, nén theo két qua bai
4.12, Toan 10 tap maot, ta co

L oo '! ; ; 1_. 2-,. =3
NP =-{AD+HC)==|d+<(b+d
(4D + 2[ + 2(6+d)

Tw (1) va (2) suy ra

NE - NP = (bl [ Lp a2 Tp e O
6 6 3 6 18 36 18 36

Suy ra NB L NP va do do tam giac NBP vuodng tal N.

4.31. Do A < 90° nén
BAE = 90° + A = CAD. (1) Do
a) Do Mla trung d@ém clia BC (H.4.39a)

nén AM = %(Afj + AG). (2)

Theo quy tac ba diém, ta co DE = AE — AD.
T ddéva (1), (2) suy ra
2AM - DE = (AB + AC) - (AE — AD)
-~ AB-AE -AB-AD+ AC - AE — AC - AD
= AB.AE -AC-AD (doAB L AD, AC 1L AE)
= AB - AE - cosBAE - AC - AD - cosCAD =0
(do AB = AD,AE = AC va (1)).

Hinh 4.39a

Suy ra AM L DE.
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P

b) Twr gia thiét suy ra DAE = 360° — DAB — BAC — CAE =180° - A, (3)
Theo quy tac ba diém, ta c6 BE = AE — AB, CD = AD — AC. Suyra

BE -CD=(AE - AB)-(AD- AC) = AB - AC + AE - AD
— AB-AC -cosBAC + AE - AD - cosDAE
-0 (do AB = AD,AC = AE va (3)).

Tu d6 BE L CD.
R e R
Hon ntra BE2 = BE- = (AE - AB) = AE2 + AB? — 2AE . AB - cosBAE

2 2 e fmd =il oo 2
= AC? + AD? - 2AC - AD - cosCAD = (AD - AC)” =CD = cD?.
Suy ra BE = CD.

c) Do M la tfrung diem ctia BC va N la
trung diém cla BD, nén MN la dudng
trung binh cta tam giac BCD (H.4.39b).

Do d6 MN // CD, MN = %CD. (4)

Cilng vay, MP la duwdng trung binh cua
tam giac BCE.

Do @6 MP /I BE, MP = %BE, (5)

T (4), (5) va két qua cla phéan b) suy ra
MN = MP va MN L MP, hay tam giac MNP
vudng can tai M.

Hinh 4.39b

4.32. HD. Tir mét diém O, dung vecto OA = a, rdi dung vecto AB = b.
Khi d6 OB = a+ b va tam gidc OAB vuéng tai A.
a)Dap sé. a-(a + b) = 36.
b)Pap s6. (a;a + b) ~ 53°7°48",

4.33. Goi H la tryc tdm va O la tam
duong fron ngoai tiép cua tam giac
ABC (H.4.40). Khi d6 D, E, F tuong
trng la hinh chiéu vuéng goéc clua H
trén BC, CA, AB va M, N, P theo thu

tir la hinh chiéu vuéng goéc cla O trén
BC, CA, AB.

Hinh 4.40
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Theo dinh li chiéu ta co:
MD -BC = OH-BC = OH - (OC ~OB) = OH-OC - OH - OB
NE -CA=0H CA=0OH-(OA-0OC)=0H -OA-0OH -0OC
PF.AB=0H.-AB=0H -(OB-0A)=0H-OB -OH -0OA
Tir §6 suyra MD-BC + NE - CA + PF - AB = 0.

4.34. a) Pap sbé: C(3; 0). Chu vi tam giac ABC bang 3+/2 + /10.
Dién tich tam giac ABC bang 2.
b) HD. Biém D thoa man ddng thoi hai diéu kién vecto AD cing phuong voi
vecto AC va AD = AB = 24/2.
Pap sb: Co hai diém D thoa man la D4(0: 3) va Da(4: 1)

4.35. HD. Do ABCD la hinh vudng nen hal duong cheo AC, BD bdng nhau va
vudng géc véi nhau tai trung diém chung / cua chung.

Dap sé: B(4, —1), D(B; 7).
4.36. a) Xét didm C(c;0)e Ox. Khi d6 CA? = (c-1)° +1.CB? = (c-7)° + 25.
Vay C cach @éu A, B khi va chi khi
CA°=CB*’ = (c-1°-(c-7)Ff=25-1<c¢C=6.
Vay C(6; 0) la diém can tim.
b) Goi Ma trung diém AB. Khi 36 M(4: 3). V6i moi diém Dta c6 DA + DB = 2DM.

Suy ra vecto DA + DB c¢6 @6 dai ngén nhéat khi va chi khi vecto 2DM c¢o d6
dai ngan nhat.

Tir d6 diém D thudc truc tung sao cho vecto DA + DB c¢6 @9 dai ngan nhét khi
va chi khi D |a hinh chiéu vuéng goc clia M trén Oy, tirc 1a D(0; 3).

4.37. a) HD. Chiing minh hai vecto AB, AC khong clng phuong.
Pap so: G[%; 2}
b) Tir gia thiét, suy ra AB = (4 3), BC = (2-6). Goi H(x: v) la tryc tam clia
tam giac ABC. Khidé AH =(x+3 ¥y -2),CH=(x -3,y +1).
Do AH L BC,CH L AB nén

[2x+3)-6(y-2)=0
|4(x =3)+3(y + 1)=0.
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T d6 tim dwoc x = 0, y = 3. Vay tryc tam clia tam giac ABC la diém H(0; 3).
c) HD. Str dung két qua cla bai tap 4.15.

Péap s6: | [%%)
J

4.38. Do luc F khéng déi, tac dong Ién chat diém trong sudt qua trinh chuyén
déng clia chat diém, nén cong sinh bai luc F khi chat diém chuyén déng theo
dudng gap khuic tir Mt6i N rdi tir Nt6i P bang A, =F-MN + F-NP (1)
va cong sinh bdi lwc F khi chat diém chuyén dong thang tir M t6i P bang

A, = F - MP. (2)
Tl (1), (2), &y ring MP = MN + NP, suyra A, = A,.

BAI TAP CUOI CHUONG IV

A - Trac nghiém

4.39. A 4.43. A 4.47. B 4.51. C 4.55. C

4.40.C 444. B 4.48. A 4.52. B 4.56. A

4.41. B 4.45. C 4.49. B 4.53. D 4.57. B

4.42. D 4.46. D 4.50. C 4.54. B 4.598. A
B - Tuluan

4.59. (H.4.41) a) Nhitng vecto bang vecto AB : AB, NM, DC:
Nhirng vecto cung huéng voi B | M C
vecto AB: AB, NM, NO, OM, [C.
b) Do ABCD la hinh binh hanh
nén O |a frung diém chung clia
AC va BD. Do M la trung diém
cua BC nén [ la trong tam cua
tam giac ABC, do N la trung
diém clua DA nén J la trong A N D

tam cua tam giac CDA. Hinh 4.41

Theo quy tic ba diém ta cé BA + BC = BD. (1)

Do / la trong tam cua tam giac ABC nén BA + BC = BA + BB + BC =38I .
Tir d6 va (1) suy ra BD = 3BI. (2)
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Hoan toan twong tw, chirng minh duwoc DB = 3DJ. Tir do va (2) suy ra
Bl =k =310

4.60. (H.4.42) a) Do M, N thuéc canh BC sao cho BM = MN = NC nén MB,NC

hguoc hwéng va cung do dai. Bai vay AA + MB + NC = MB + NC = 0. Tw do,
theo két qua cla Vi du 3, Bai 9, hai tam giac AMN, ABC cé clng trong tam.

b) Ttr gia thiét suy ra MC = —2MB. A
Tl d6, theo Nhan xét & Vidu 2, Bai 9, thi

(1-(-2))GM = GC - (-2)GB

=5 1=

Suvra GM =<0 +—v .
y 3" T3

Tuong ty, clng dugc GN = %E} + %F

Do G la trong tam cua tam giac ABC : -

nén GA+GB +GC =0, 2 u N &
__, e, [ Hinh 4.42

Suyra GA =-GB -GC. vado d6 GA =-u-v.

4.61.a)Goiy: BC = AC - AB.

Pap sb: AB - AC =10, AB-BC = -6.
b) Do 2AM +3MC =0 nén 2(BW - BA) + 3(BC - BM) = 0. Suy ra

BM = 3BC — 2BA = 3(AC - AB) + 2AB = —AB + 3AC. (1)
Do NB + xNC =0 nén (1+ x)AN = AB + xAC. Tl do va (1) suy ra

— —e )

(1+ X)AN - BM = (AB+xAC) ( AB + 3AC)
_ _AB’ +3xAC +(3-x)AB-AC =16+ 75x + 103 - X).

Tir d6 suy ra AN L BM khi va chi khi AN -BM = 0. Pléu nay tuwong duong Vo

16+ 75X +10(3 = X)=0 & X = -2

65

Vay voi x = —% thi AN L BM.

4.62. (H.4.43) a) Do P thuéc doan DM sao cho DP = 2PMnén PD = -2PM. Suy ra

ﬁ:%ﬁ+§AM Tir @6, do Mla trung diém clia AB, nén AP _%A—'D+ ;ﬁ

s

tucla AP =

1- 1=
—U 4+ —=V. 1
ZUte (1)
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Do Q thudc doan BN sao cho BQ = xQN nén QB = —xQN . Suy ra

(1+ x)AQ = AB + xAN =A§+X(A5+Dﬁ)=[1+gjﬁ+xﬁ

(2+X) = R = A M B
— ] + —V, 2 4 #
Tex) Aems
b) Tt (1) va (2) suy ra A, P, Q thang
hang khi va chi khi

2+x 1 r A

hayA_d:

21+x) 3 1+x 3

2+ X X
= — e D =2.

201+ x) 1+ X D * N i C
Vay véi x = 2thi A, P, Q thang hang. Hinh 4.43

4.63. HD. Str dung két qua Vi du 3, Bai 9, ta duoc 3GG' = 2BA

4.64. (H.4.44) a) Do E la trung diém cua
AB, F la trung diém clia CD nén

AE = EB, FC = DF.

Do K la trung diém clia AF, L |a trung
diém cla CE, M la trung diém cla
BF, N |a trung diem cta DE, nén theo
két qua clia bai tap 4.12, Toan 10,
Tap mét, ta cd

2KL = AE + FC = EB + DF = 2NM

Suy ra KL = NM va do do KLMN |a
mét hinh binh hanh.

b) Do KLMN & hinh binh hanh va | |4
giao diém clia KM, LN nén [ la trung 1
diém chung clia KM, LN. Hinh 4.44

Suy ra 2E] = EN + EL = %Ej + %EC‘ _EF. Do d6 E, |, F thang hang, hon

nia / la trung diém clia EF.
4.65. a) Do M Ia trung diém clia AB nén BM = %ﬁ - -%A_B' (H.4.45). (1)

Goi E la hinh chiéu vuéng goc cta C trén AD. Khi d6 t&r giac ABCE la mét
hinh ch( nhét.

Suyra EA=CB =1=

1 -

5D,f:t va do do CB = EA =

_.__1_.

lDA —=AD. (2)
3 3
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T (1), (2), theo quy tac ba diém ta co

i o

CM =CB +BM = ——AD — —AB.
3 2

Thso cheh LaeNih A ENT ED = %E.

Tlr d6, theo quy tac ba diém ta co

i iy

CE=J=CE=+E£5=BA=+ED=—AB+-§AD.

b) Do G la trong tam cua tam giac MCD nén

3Aé=AM+AC‘+AD=AM+(E§+EE]+AD=§AB+§AD. (3)

Do / thudc canh CD nén hai vecto IC va B “
ID ngugc huwong (H.4.46). |
X B s !
Tir @6, do 9IC = 5ID nén 9IC + 51D =0 . " "
Suy ra 14Al = 9AC + 5AD = 9AB + 8AD. (4)
i PR e == |
T (3)va (4)suyra 14Al =6 -3AG = 18AG j."
va do dd A, G, | thang hang. A E D
c) Tlr (4), de yrang AD L AB, suy ra Hinh 4.46
5 =gy B L__sppsd 2 =-_u %) s
196A12 = (14A])" = (9AB + 8AD)” = 81AB +2-(9AB)-(8AD) + 64AD
= 81AB? + 64AD? = 81-4 + 64 -9 = 900.
Suyra Al = E
7
Theo quy téc ba diém ta c6 Bl = Al — AB = —%E + ;E
| N2
Suyra BI? = [-—E+iAD] 28 s 08 g IR o i Bl
14 14 196 196 49 7

4.66. HD. Biéu dién cac vecto theo ba vecto AB, BC, CD.
Theo quy tic ba diém ta c6 AD = AB + BC + CD, CA = -AB — BC; BD = BC +CD.

Suyra AB-CD+BC-AD+CA-BD=AB-CD+BC-(AB +BC +CD)
+(-AB-BC)-(BC+CD).
Khai trién, gian udc, thu duoc diéu phai chirng minh.
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4.67.a)PDapsd: a-b=-5b-c=-27.c-a=1.
b) Tir gia thiét suy ra b+ ¢ = (-2—1), |al = /5. [b + ¢ = 5.
Doa=(12),b+c=(-2-Nnéna.(b+c)=1.(=2)+2.(-1) = -4.

Suyra cos(a; b+c) = | |

4.68. a) Do A(=2 1), B(1: 4), C(5; —2) nén AB = (3, 3),AC = (7. -3). Do % £ ‘33

nén AB va AC khdng cling phuong, suy ra A, B, Cla ba dinh clia mét tam giac.

o 2+1T40 4
Goi G(x;y) latrong tam clia tam giac. Thé thi ¢ 3 =
= - =1,

i
Vay trong tam cla tam giac |a G[%;U.

b) Goi H(x; y) |a trirc tdm cua tam giac ABC.
Khi 46 CH = (x =5,y +2), BH = (x — 1.y - 4).

Do Hla truc tam, nén CH L AB,BH L AC. T d6 thu duoc

_ 2
[3(x-8)+3(y+2)=b | |*735

[7(x=1-3(-4=0.71, 13
L o

5 5
Goi / |a tam dudng tron ngoai tiép tam giac ABC. Theo két qua bai tap 4.15, ta cé
IA+IB+IC=IH.
1

- — B e Y
T d Of ==0G-—0H vadods I|=—|.
¥ dO Suy ra 5 5 va do ao [5,5}

Vay H[E‘E].

Nhan xet
— Ta cé thé tim toa d6 diém / nhé vao dau hiéu /A = IB = IC.

— Viéc slr dung dé&ng thire JA + 1B +IC =1H hay IH = 3IG cho phép ta thu
dugc toa d6 cla diém con lai khi biét toa d6 clia hai trong ba diém G, H, /.
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4.69. (H.4.47)a) Xétdiém D(d; 0)e Ox. Tacd BD = (d -5-3), CD = (d +2-9).
Tir d6 B, C, D thang hang khi va chi khi hai vecto BD,CD cung phuong, ttc

L D(%; o] 4

la (d-5):(-3)=(d+2):(-9). Tk d6 tim dugc d = 5

diém can tim.

b) Ttr gia thiét suy ra A va B nam vé hai phia clia truc hoanh. B&i vay, véi méi
diém E € Ox ta co EA + EB = AB, dang thirc xay ra khi va chi khi E la giao

diém cla AB véi Ox. Bang lap luan nhu & phan a), tim duoc E(Laj: DJ.

L
. D
Hinh 4.47
c) Gia str tim dwgc diém F thoa mén yéu cau bai toan. Goi G la trong tam cla
tam giac ABC. Khi d6 G[g; g] (1)

Do FA + FB + FC = 3FG nén |FA + FB + FC| nhé nhét khi va chi khi FG c6
do dai nho nhat. Biéu nay xay ra khi va chi khi F la hinh chiéu vuéng géc cla
T

Gtirén Oy. T dé va (1) suy ra FLO: g :
y

4.70. Trong lwc cua 6 t6 c6 d6 16n béng |;5 = 2500 x 10 = 25 000 (N).

Trong luc P cliadto hop véi hudng chuyén doi MN mét goc o= 90° +15° = 105°
Trong luc P dwoc phan tich thanh hai thanh phdn P, va P,: P =P, + P,
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trong do ,E{ co phuong vudng goc vai mat doc, .52' cO phwong song song voi
mét doc (H.4.48).

Ta nhan théay ring, P, khong co tac dung ddi voi chuyén doi MN cla xe, con
E nguwoc hweng vai MN. Do d6, c6ng cua trong luc tac déng 1én xe bang
A=P-MN =Pl VNl cos(P:-MiN)
= 25 000 - 50 - cos105° =~ -323 524 (J).

Nhan xét. Cling co thé tinh céng A nh¢ dinh li chiéu (xem muc Nhan xét sau
Vidu 2, Bal 11) nhu sau:

A=P.-MN =P, MN =[P [MN|. cos180°
- (A sin15°) . 50 ~ —323 524 (J).
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CHUONG V - CAC SO PAC TRUNG

CUA MAU SO LIEU KHONG GHEP NHOM

) SO GAN PUNG VA SAI SO

5.1. a) Ca hai s6 déu la sé gan dung.
b) 18 3n la s6 dung; 57,462 la sb gan dung.

5.2. Vi d6 chia nhé nhat clia thudc l1a 1 cm nén dé chinh xac d = 0,5 cm.

Sai s6 tuyét ddi 8 <d = 0,5 cm va sai sb tuong déi § < % = % ~ 0,31%.

5.3. a) e la sO dung; 2,71828 la s6 gan dung.

b) Tt gia thiét ta co: |e — 2,71828| < 0,00008 = d.
0,00008
2,71828

5.4. HD. Str dung chtrc nang bam can béc 2 va bam sb n.

5.5. a) 23 200; b) 18,06.
5.6.a) 120 V; b) 10 m/s”.

Do d6, sai sb tuong @i 8 < ~ 0,0029%.

p CAC SO PAC TRUNG PO XU THE TRUNG TAM

57. X = 5,72.
5.8. 91%.
5.9. a) S6 trung binh:
< 190174 :g.+1 195 _ 3 40467,

Sap xep day so liéu theo thir tw khéng giam:
1195 1602 1934 2 000 2 541 3 297 3 760 4 544
5807 6103 8 155 19048 19728 81182 190174

Vi n =15 nén vi tri chinh gicra la vi tri sé 8. Do @6, trung Vi |a 4 544.

b) S6 trung binh I&Gn hon trung vi nhiéu |a do frong day sé cé mét gia tri rat 1on
la 190 174. Trung vi khéng bi anh hudng bai gia tri “bat thuwong” nay.
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5.10. Mét = 1; Y nghia: Sé gia dinh c6 hai con la nhiéu nhat.
5.11. a) Sap xép day so liéu theo thir tir khéng giam:
12,02 19,08 29,95 81,26 338,28
339,98 340,82 362,24 501,89 1 059,64.
Vi n =10 nén trung vi la trung binh céng cua 2 gia tri chinh gilra (vi tri 5 va 6):
i 338,28 ; 339,98 _ 33913,
Ntra di liéu bén trai Qz la: 12,02 1908 2595 81,26 338,28
gdm 5 s6 do d6 s6 chinh gitra la s6 & vi tri thir 3 nén Q4 = 25,95.
Nira dif liéu bén phai Q2 la: 339,98 340,82 36224 501,89 1 059,64,
gom 5 sé do d6 trung vi la so chinh gitra & vj tri thir 3 nén Qz = 362,24,
b) GDP cua Viét Nam nam ’2020 la 340,82 ti @6 la My (nho I‘!Un Qz) nén Viét F}Jam
khong thugc nhom 25% quaoc gia trong khu vire Bong Nam A co GDP cao nhat.
5.12. a) S trung binh X = 3,14. Trung vi Me = 2,67.
b) Dién tich trung binh clia céc tinh ddng béng séng Ctru Long la 3,14 nghin km”.
Trung vi Me = 2,67 (nghin kmz) nghia 1a s6 tinh cé dién tich nho hon
2,67 nghin km? béng s6 finh cé dién tich [&n hon 2,67 nghin km?,

| CAC SO DPAC TRUNG PO PO PHAN TAN

5.13. a) D6 léch chuan cla day s liéu A I16n hon.
b) Khdong nhu nhau.

5.14. HD. Day B c6 duoc la do céng maéi gia tri clia day A vai 5.

5.15. a) Van dong vién A: Khoang bién thién = 2, Bo léch chuan = 0,7.
Van ddéng vién B: Khoang bién thién = 5, 6 |éch chuan = 1.64.
b) Vi khoang bién thién, do lIéch chuan vé thanh tich clia van déng vién A déu
nho hon clia van déng vién B nén dua trén cac tiéu chi nay ta co thé két luan
van dong vién A cé thanh tich on dinh hon.

5.16. Day sb liéu (c).

5.17. a) Sap xép day sb liéu theo thir tur khéng giam:
148 157 162 166 165 165 167 168 170 179
Vi n = 10 nén trung vi la trung binh céng cla 2 s6 & chinh gitra (vi tri 5 va 6):

Q, - 165 + 165 _ 165
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Ta tim Q4 la trung vi cua nua d liéu bén trai Qqla:
148 157 162 165 165
va tim duoc Qq = 162.
Nira di liéu bén phai Q2 la: 165 167 168 170 179
va tim dugc Q2= 168.
Do d6, khoang t& phéan vi la Ag= 168 - 162 = 6.
b) Khoang t& phéan vi do do phan tan ctia 50% di liéu ¢ gilra nén khong b
anh hudng bai gia tri nho nhét, gia trj 16n nhat.
5.18. HD. Tim khoang t* phan vi A, tuong tw nhu Bai 5.17, tim sé trung binh X
sau do kiém tra xem gia tri 0,290 cé nhé hon Q; - 15- Aq Khdng.

BAI TAP CUOI CHUONG V

A - Tracnghiém

5.19. B 5.21. A 5.23.C 5.25.C 9.27.D 5.29. A

5.20. C 5.22. B 5.24.D 5.26. B 2,28, B 5.30. B

B - Tuluan

0. 31. Gidfi‘ han cho phép la 50+ 0,5% - 50 hay 50 + 0,25. Dong ho clia cot do
xang dau bao la 50,3 > 50,25 lit, tkrc la da vurot qua gidi han cho phép.

5.32.a8) X =796 b) 8,0.

155 - 175,16

7,64
dinh dudng thé thap cdi, mire dé vira.

5.34. a) Sé trung binh = 15, Trung vi = 10, Mét = 5.
b) Nén dung trung vi vi s6 trung binh bi anh hwdng béi gia tri "bat thuong” 1a
55, con mot xuat hién la do ngau nhién.

5.33. HD. Tinh Z =

m —2,64. Do -3 < Z< -2 nén nguoi nay bi suy

5.35. HD. a) Tinh cac tr phan vi va khoang tr phan vi. Kiém tra xem gia tri 6,78
colonhon Q; + 15 Ay hay khéng.
b) Neu 6,78 la diém bat thuwong ta loai bd gia trj nay va tinh s0 trung binh clia
7 gia trj con lai. Néu 6,78 khong la diem bat thuwong ta tinh s6 trung binh cla 8
gia tri trong mau so liéu.

5.36. a) S6 trung binh = 8,1875 (triéu ddng).
b) Q1 = 6,5 (triéu ddng).
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Nha xudt ban Gido duc Viét Nam xin tran trong cim on
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